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Preface

The primary purpose of this book is to show the great value that Fourier
series methods provide in solving difficult problems in nonlinear partial dif-
ferential equations. We illustrate these methods in three different cases.

Probably the most important of these three cases are the results that we
present for the stationary Navier-Stokes equations. In particular, we show
how to obtain the best possible results for periodic solutions of the stationary
Navier-Stokes equations when the driving force is nonlinear. We also present
the basic theorem for the distribution solutions of said equations. The ideas
for this material come from a paper published by the author in the Journal
of Differential Equations.

Also, we show how to obtain classical solutions to the stationary Navier-
Stokes equations by applying the Calderon-Zygmund C®-theory developed
for multiple Fourier series earlier in the book. This technique using the
Calderon-Zygmund C*-theory does not appear to be in any other text deal-
ing with this subject and is based on a paper that appeared in the Transac-
tions of the AMS.

The second case we consider handles nonlinear reaction-diffusion systems
and uses a technique involving multiple Fourier series to strongly improve
on a theorem previously introduced by Brezis and Nirenberg. The idea for
doing this comes from a recent (2009) paper published by the author in the
Indiana University Math Journal. Reaction-diffusion systems are important
in many areas of applied mathematics including mathematical biology. The
main reason we were able to improve on the results of Brezis and Nirenberg
is because the use of multiple Fourier series enables one to make sharper
estimates and thus obtain a better compactness lemma. The second theorem
we present in this area involves a conventional result involving weak solutions
to the reaction-diffusion system.

The third case we consider is in the area of quasilinear elliptic partial
differential equations and resonance theory. We deal with an elliptic operator
of the form

N
ZD quu]—l—ij(:E,u,Du)Dju

1,5=1 Jj=1

and establish a resonance result based on the work of Defigueredo and Gossez
in a Journal of Differential Equations paper and on the work of the author in
a Transactions of the AMS manuscript. The resonance result obtained is the

vii
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best possible and is proved via a Galerkin type argument that illustrates once
again the power of Fourier analysis in handling tough problems in nonlinear
PDE. The second and third theorems that we present give necessary and
sufficient conditions for the solution of certain other equations at a resonance
involving the above operator Qu.

Another aim of this book is to establish the connection between multiple
Fourier series and number theory. We present an N-dimensional, N > 2,
number theoretic result, which gives a necessary and sufficient condition
that

C(§) x - xC(&y)

be a set of uniqueness for a class of distributions on the N-torus, Tx. The
ideas behind this result come from a paper published in the Journal of
Functional Analysis.

Here, C(¢;) is the familiar symmetric Cantor set on [, 7| depending
on the real number §; where 0 < §; <1 /2. The condition is that each 5]-_1
be an algebraic integer called a Pisot number. What is important about this
result is that the considered class of distributions, labeled A(T ), does not
necessarily have Fourier coefficients that go to zero as the spherical norm
Im| = (m? +---+m%)Y? — 0o but as min(|my|, ..., |my|) — oo. This gives
rise to a wider class of distributions; when it appeared, it was the first result
of this nature in the mathematical literature.

As a corollary to the result just mentioned, we have the following:

Let p and g be positive relatively-prime integers with p < 2¢g. Then a
necessary and sufficient condition that

Iix...x (@
q1 aN

be a set of uniqueness for the class A(Tw) is that p; =1 for j =1,..., N.

An additional aim of this book is to present the periodic C*-theory
of Calderon and Zygmund. We deal with a Calderon-Zygmund kernel of
spherical-harmonic type, called K* (z), and show that it has a principal-
valued Fourier coefficient K* (m). We set f = f * K* and show that the
following very important theorem prevails:

feC*(Ty),0<a<l,=feC*(Ty).

We also give an application of this theorem to a periodic boundary value
problem involving the Laplace operator and later use it to obtain the regu-
larity result mentioned above for the stationary Navier-Stokes equations.

Another aim of this book is to present the recent (2006) article in
the Proceedings of the AMS, which extends Fatou’s famous work on anti-
derivatives and nontangential limits to higher dimensions. The big question
answered is “How does an individual handle a concept that depends on the
one-dimensional notion of the anti-derivative in dimension N > 27”7 Our
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answer to the question is

“Generalize the notion of the Lebesgue point set and show

that the concepts are the same in one-dimension.”

Chapter 1 of the book deals with four different summability methods
used in the study of multiple Fourier series, namely the methods of (i) it-
erated Fejer, (ii) Bochner-Riesz, (iii) Abel, and (iv) Gauss-Weierstrass. The
iterated Fejer method in §2 gives a global uniform approximation for con-
tinuous periodic functions as well as a global LP approximation theorem.
In §3, the classical Bochner theorem for pointwise Bochner-Riesz summabil-
ity of multiple Fourier series is established. To understand the proof of this
theorem, a knowledge of various Bessel identities and estimates is essential.
This Bessel background material is presented in §1 and §2 of Appendix A.

Several Abel summability theorems, which are important in the study of
harmonic functions including the nontangential result discussed above, are
also presented in Chapter 1, §4. In §5 of Chapter 1, the Gauss-Weierstrass
summability method, which is fundamental in the study of the heat equa-
tion, is developed; it includes a theorem necessary for a subsequent number
theoretic result appearing later in the book.

Chapter 2 is devoted to the study of conjugate multiple Fourier series
where the conjugacy is defined by means of periodic Calderon-Zygmund ker-
nels that are of spherical harmonic type. In particular, the periodic Calderon-
Zygmund kernel, K*(z), is defined, and it is proved that its principal-valued

Fourier coefficient I/(\*(m) exists. The conjugate function of f is designated

by f, and it is shown that if things are good, f (m) = I/(\*(m)f(m), which is
similar to the one-dimensional situation. The main result established is the
following: If f € C*(Ty), then f € C* (Tx) . This C*- theorem is presented
in complete detail in §4 of Chapter 2 and is based on a paper published by
Calderon and Zygmund in the Studia Mathematica.

In §5 of Chapter 2, an application of this C'*- result to a periodic bound-
ary value problem involves the Laplace operator. Also, a Tauberian conver-
gence theorem for conjugate multiple Fourier series motivated by an interest-
ing one-dimensional result of Hardy and Littlewood is given in §3 of Chapter
2. The Tauberian background material is developed in Appendix B.

Chapter 3 contains the details of the solution to a one hundred year old
problem, namely

Establish the two-dimensional analogue of Cantor’s famous
uniqueness theorem dealing with the convergence
of one-dimensional trigonometric series.
The solution depends upon an elegant paper published by Roger Cooke
in the Proceedings of the AMS establishing the two-dimensional Cantor-

Lebesgue lemma joined with a manuscript of the author that appeared in
the Annals of Mathematics.
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Chapter 3 also contains the N-dimensional number theoretic theorem
discussed above giving a necessary and sufficient condition that

C(&y) x - x C(&y)

be a set of uniqueness for the class of distributions A(7) on the N-torus.
In addition, Chapter 3 contains the recent (2004) article about fractal sets
called generalized carpets that are not Cartesian product sets but are sets of
uniqueness for a smaller class of distributions on the N-torus labeled B(Ty).
These fractal results come from a paper published in the Proceedings of the
AMS.

The analogous problem to Cantor’s uniqueness theorem for a series of
two-dimensional surface spherical harmonics on Sy is still open and is pre-
sented in complete detail in Chapter 3, §2. This problem has been open now
for 140 years. The background material in spherical harmonics, which plays
an important role throughout this monograph, is presented in Appendix A,
§3.

The material in Chapter 4 is motivated by Schoenberg’s theorem in-
volving positive definite functions on Sy and surface spherical harmonics
published in the Duke Journal of Math. It turns out that part of Schoen-
berg’s theorem is highly useful in studying the kissing problem, k(3), in
discrete geometry, as Musin’s 2006 result shows. Here, k(3) is the largest
number of white billiard balls that can simultaneously kiss (touch) a black
billiard ball and represents a problem going back to Isaac Newton’s time in
1694.

Chapter 4 presents Schoenberg’s theorem on Sy_1, then on Ty, and
finally on Sn,—1 X Tn. The proof on Sy,_1 X T makes use of a number of
different concepts that occur in this monograph.

Chapter 5 presents five theorems dealing with periodic solutions of non-
linear partial differential equations. As mentioned earlier, the methods em-
ployed illustrate the huge power of Fourier analysis in solving seemingly
impenetrable problems in a nonlinear analysis. Chapter 5, §1 presents, in
particular, periodic solutions in the space variables to a system of nonlinear
reaction-diffusion equations of the form

% — Auj = fi(z,t,u1,...,uy)  in Ty x(0,7)

uj(z,0) =0

j=1,...,N.

Two theorems are established with respect to this nonlinear parabolic
system. The first theorem deals with one-sided conditions placed on the f;,
and the second deals with two-sided conditions on the f;. As discussed above,
the first theorem strongly improves (for periodic solutions) on a one-sided
classical theorem previously established by Brezis and Nirenberg.

In §2 of Chapter 5, we deal with the equation

Qu = f(x,u)
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where Qu is the partial differential operator discussed above. We set
Fy (z) =limsup f (x,s) /s,
s—ZFo0
and show that if
Fi (x)dz <0 and F_(x)dx <0

Tn Tn
and certain other conditions are met, then a distribution solution wu €
W2 (Ty) of Qu = f (z,u) exists. We also show that this is the best possible
result.
In §2 of Chapter 5, we also handle the equation
Qu =g (u) — h(x)
and define

lim g(s) =g(o0) and lim g(s)=g(-00).

S—00
We show that if certain other assumptions are met, then the condition
2n)g() < [ hi@)do < (20" g(~o0)
TN

is both necessary and sufficient that a distribution solution u € W12 (Ty)
of Qu =g (u) — h(x) exists.

In §1 of Chapter 6, we handle the stationary Navier-Stokes equations
with a nonlinear driving force:

—vAV (z) 4+ (v(z)-V)v(z)+ Vp(z) =1 (z,v(z))

(V-v) (@) =0
where v is a positive constant, and v and f are vector-valued functions.
In particular, f = (f1,..., fn) : Tv x RV — RN, We set

Ej(f) = {z € Ty : limsupy, | fj (z,8) /s; <0

uniformly for s, e Rk # 4, k=1,...,N}

and show that if certain other assumptions are met, then
|E;(£)] >0  for j=1,..,N,

is a sufficient condition for the pair (v,p) to be a distribution solution of
the stationary Navier-Stokes equations with v;eW? (Tyy) and p € L (Ty).
Here, |E;(f)| represents the Lebesgue measure of E;(f). We also demonstrate
that this is the best possible result.

Another theorem that we establish in §1 of Chapter 6 handles the situ-
ation when

fi(z,8) = gj (s5) — hj (z).
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In particular, we prove that if certain other conditions are met, then
N N
(2m) g; (00) < /T by (@) de < (27)N g; (—o0)
N

for j = 1,...N, is both a necessary and sufficient condition that the pair
(v,p) be a distribution solution of the stationary Navier-Stokes equations
with v;eWh2 (Ty) and p € L' (Tw).

In §2 of Chapter 6, we deal with the classical solutions of the stationary
Navier-Stokes equations. The main tool for proving the theorem involved is
the C%-theory of Calderon and Zygmund established earlier in Chapter 2.

Given f € [C(Tw)]", we will say the pair (v,p) is a periodic classical
solution of the stationary Navier-Stokes system provided:

v E [C2 (TN)]N and p e C! (Ty)

and
VAV (z)+ (v(z) - V)v(z)+Vp(x)=f(x) Vrely

(V-v)(z)=0 Ve e Ty.

To obtain the classical solutions of the Navier-Stokes system, we require
slightly more for the driving force f than periodic continuity. In particular,
we say f1 € C*(Ty), 0 < a < 1, provided the following holds:

(1) fre C(Tn);
(i7) 3e1 >0 st |file)— fily)] <clr—yl @ Vo,y € RN,

Working in dimension N = 2 or 3, we show in §2 of Chapter 6 that if
feC*(In),0<a<1forj=1,..N,

then there is a pair (v,p) which is a periodic classical solution of the sta-
tionary Navier-Stokes system with v; € C?% (Ty) and p € C1+ (Ty).

I have lectured on the mathematics developed in this book at various
mathematical seminars at the University of California, Riverside, where I
have been a professor for the last 45 years. Also, I would like to thank my
colleague James Stafney for the many discussions that we have had about
spherical harmonics and related matters.

I had the good fortune to write my doctoral thesis with Antoni Zyg-
mund at the University of Chicago. Also, I did post-doctoral work with Arne
Beurling at the Institute for Advanced Study and with Salomon Bochner
from Princeton University. My subsequent mathematical work was backed
by Marston Morse from the Institute for Advanced Study. I am indebted to
these four outstanding mathematicians.

Victor L. Shapiro

Riverside, California

January, 2010
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CHAPTER 1

Summability of Multiple Fourier Series

1. Introduction

We shall operate in real N-dimensional Euclidean space, RN, N > 1,
and use the following notation:

r = (z1,., 2N) Y= (Y1, YN)
ar+ Py = (ax1+ Pyi,..., axn + Byn)
1
Ty = 1Y+ ... +TNYN, |z| = (- x)2.

With T, the N-dimensional torus,
Iy={z:—n<zj<m j=1,.,N},

we shall say f € LP(Ty),1 < p < oo, provided f is a real-valued (unless
explicitly stated otherwise) Lebesgue measurable function defined on RV of
period 27 in each variable such that

/ |fIP dz < oo.
TN

A similar definition prevails for f € L*(Ty).
With m as an integral lattice point in R and Ay representing the set
of all such points, we shall designate the series

meAN

by S[f] and call it the Fourier series of f where

~

flm) = @0 [ e @y

In this chapter, we study the relationship between f and its Fourier series

S[f]-
To begin, we let A = 92 /0x2+ - -+82/8x?v be the usual Laplace operator

and observe that Ae* = —|m|? e™* Consequently, from an eigenvalue
point of view, it is natural to ask, “In what manner does the series

o0

(1.1) S Y Fmyem

n=0 \|m|?=n

1



2 1. SUMMABILITY OF MULTIPLE FOURIER SERIES

approximate f7” Bearing in mind the classical counter-examples of both
Fejer and Lebesgue concerning the convergence of one-dimensional Fourier
series, [Zyl, Chapter 8], we see that the answer to the previous question
should involve some spherical summability method of the series given in
(1.1).

The two most natural methods involving spherical summability are those
of Bochner-Riesz and Abel. In particular, we say that S[f] is Bochner-Riesz
summable of order «, henceforth designated by (B — R, «) to f(z) if

(1.2 Jim 37 Fmye e - pmf? /5 = f@)

Im|<R

Bochner-Riesz summability plays the same role for multiple Fourier series
that Cesaro summability plays for one-dimensional Fourier series. In §3
of this chapter, we shall establish a fundamental result for Bochner-Riesz
summability of Fourier series.

S[f] is Abel summable to f(z), this means that the

: n tmez—|mlt _

(1.3) lim > f(m)e = f(2).
meAN

The reason for calling this method of summability Abel summability is mo-

tivated by the fact that the series

Z f(m)eim-x—|m\t

meAN

is harmonic in RJIH, i.e., in the variables (x,t) for ¢ > 0.

We shall discuss Abel summability in detail in §4 of this chapter. Also,
in Chapter 2, we shall deal with the Abel summability of conjugate multiple
Fourier series. But first, it turns out that we can get some very good global
results connecting f and S[f] by iterating well-known one-dimensional re-
sults involving the Fejer kernel, and we will now show this iteration.

2. Iterated Fejer Summability of Fourier Series
We leave D, (t) as the well-known one-dimensional Dirichlet kernel

n

s sin(n + Lyt
(2.1) Dy(t) = Z eVt = W7

j=—n
and K, (t) as the well-known one-dimensional Fejer kernel [Rul, p. 199],

02 K= > D)=
=0

1 1—-cos(n+1)t
n+1 1—cost
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We also observe from [Rul, p. 199] that K, (¢) has the following three prop-
erties:

(a) Kn(t) >0 VteR,

(2.3) (b) 5= |7 K,(t)dt =1,
() Kn(t) < 75 =5 if 0<d<|t| <.
It follows from (2.1) and (2.2) that
2.4 Ky(t) = it(q — |
(24) =3 0=

and we shall refer to
(2.5) EQ(x) = Ky(a1) -+~ Kn(z)
as the iterated N-dimensional Fejer kernel.
For f € LY(Ty) with S[f] as its Fourier series, we shall prove three
global theorems involving K9 (z) and the iterated Fejer summability of S[f].

In particular, we call o@(f,z) the iterated Fejer partial sum of S[f] where
m = (mq,...,my) and

(26) ol(f,x)= > - Y f(m)e"m'x(l—m)"'(l—llm—ﬂ>-

mi=—n myN=—n

With f € C(Tn) signifying that f is a real-valued continuous function
defined on R of period 27 in each variable and with B(z,r) designating
the open N-ball with a center x and radius r, the first theorem we shall prove
is the following:

Theorem 2.1. Let f € C(Ty) and suppose ol(f,x) is defined as in (2.6).
Then
lim o8(f,x) = f(z) wuniformly for z € Ty.

n—oo

Proof of Theorem 2.1. We observe from (2.3)-(2.6) that

@0 o) = 1@ = @0 [ (@) - SR .

N
Let ¢ > 0 be given. Choose 6 > 0 so that |f(x —y) — f(z)| <e for y €
B(0,0) uniformly for x € Ty. Now it is clear that C'u(0, %) C B(0,6) where

Cu(0, %) is the open N-cube with center 0 and a half-side §/N. So
)
(2.8) |f(z—y)— f(zx)| <e for ye Cu(0, N) uniformly for x € Ty.

Designating P1+ s as the rectangular parallelopiped

Pl—t_(g:{x:ééxléﬂa 'ngjéﬂ-aj:27“'7N'}7
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we see from (2.3) that lim, ..o [p+ ‘K,?(y)‘ dy = 0. Since Tx\Cu(0, %) is
1,6/N
covered by a finite number of parallelopipeds similar to P1+ 5/N0 We conclude

that
lim ‘K,?(y)‘ dy = 0.
00 JTN\Cu(0, %)
Since f(z) is uniformly bounded on R¥, we also see from this last limit
that ng can be chosen so large that

(2.9) (2m)~N /

@ =) = @KXW dy <& for n=mno
Tn\Cu(0,4)

uniformly for x € Thy.
Next, returning to (2.8), we obtain from (2.3)(b) that

[ e - sl |w|a < e [ [xw)]a
< e@2m)N  vn

uniformly for x € Thy.
Hence, (2.7) and this last fact joined with (2.9) shows that

ol(f,z) — f(x)] <2 for n>ng uniformly for z € Ty,

which gives the conclusion to the theorem. W
The second summability theorem that we obtain using the N-
dimensional iterated Fejer kernel is the following:

Theorem 2.2. Let f € LP(Ty), 1 < p < oo and suppose o (f,x) is
defined as in (2.6). Then

lim ag(f,a:)—f(a:)pdx:O.
n—oo TN

Proof of Theorem 2.2. We prove this for the case 1 < p < oo, with a
similar proof prevailing for the case p = 1. From (2.7) with p=! + p/~! = 1,
we see that

o2t~ f)] < 2m™ [

TN

pfl +p/71
( dy,

=)~ F@)|K)

and hence from Holder’s inequality and (2.3)(b) that
(2.10)

A

wita) = f@f de < [ |K20|1] 15— = s sy
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Now f € LP(Ty) and is also periodic of period 27 in each variable. Therefore,
it follows that given € > 0, 39 > 0,

/T f(z—y) — f(@)Pds < e2r)N  for ye B(0,d).

Consequently, we obtain from (2.10) that

),

o2(f) — fl)| do <

/T ~B(0,6) ‘K,?(y)‘ [/TN [f (@ —y) = f(2)’ do]dy + &

But f € LP(Ty) implies that the inner integral on the right-hand side of the
above inequality is uniformly bounded. Therefore, since C'u/(0, %) C B(0,0),
we infer from the limit above (2.9) and the above inequality that

lim sup /
n—oo TN
Since € >0 is arbitrary, this gives the conclusion to the theorem. B

Theorem 2.2 has three important corollaries, the first of which is the
following:

ag(f,ac) — f(x) pdw <e.

Corollary 2.3. {eim'm}meAN’

thogonal system for LY(Ty), i.e., if fg€ L'(Tn) and f(m) = g(m) for
every integral lattice point m, then f(r)=g(z) a.e. in Ty.

the trigonometric system, is a complete or-

Proof of Corollary 2.3. Since f,g € L'(Ty) and f(m) = g(m) for every
integral lattice point m, it implies that o0(f,z) = 0%(g,z) Vo € Ty and
Vn. Consequently, it follows from Theorem 2.2 that

[ 15@) - gt ar =0,
Tn

which establishes the corollary. |
The next corollary that we shall prove is called the Riemann-Lebesgue
lemma and is the following:

Corollary 2.4 If fe L'(Ty), then lim‘m|_,oof(m) =0.

Proof of Corollary 2.4. Let € > 0 be given. Using Theorem 2.2, choose
an n sufficiently large so that fTN ‘Jg(f, x) — f(a:)| dx < . Then, it follows
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~

from the definition of f(m) given above (1.1) that

| emeatis.a) ds).
TN

IN

(2m) ]
TN

[Fm)

o0(f,7) — f(@)] do +

< e +(2n)7N

/ e"mreO(f x) dxl.
TN

Since o0 (f,z) is a fixed trigonometric polynomial, it follows that there is a
positive number sy such that the integral in the second inequality is zero for

|m| > sp. We conclude that ‘f(m)‘ < ¢ for |m| > sg, which establishes the

corollary. W
The third corollary that we can obtain from Theorem 2.2 is called Par-
sevaal’s theorem and is the following:

Corollary 2.5. If fc L*(Tw), then

Jm n S 3 [fom[ = 1.

mi=-—n myN=—n

Proof of Corollary 2.5. From Theorem 2.2, we see that

2
2
=

oy

lim ‘
n—oo

o
Also, we have that { HO’,?Hi2} is an increasing sequence, and the proof
n=1

follows easily from this last observation. W
The third summability theorem that we get using the N-dimensional
iterated Fejer kernel is the following;:

Theorem 2.6. Let f € L®(Ty) and suppose ol(f,x) is defined as in
(2.6). Then o8@(f,x) — f(z) in the weak* L>®-topology, i.e.,

lim ol(f,x) h(x)ds = . f(x) h(z)dz Yhe LY(Ty).

n—oo TN
Proof of Theorem 2.6. Let h be a given function in L'(Ty). Then it
follows from Theorem 2.2 that

(2.11) lim

n—~o0 TN

o0 (h,z) — h(:n)‘ dz = 0.

Next, we set

1= @0 [ ol ans
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and observe from (2.6) that

o= Y Y Fmphomya - ) e

i me—en n+1 n+1

= Y Y Femon T 0,

Consequently,
/ ol(f, x)h(x)dx = / o¥(h,x) f(z)dz.
Tn TN
But then
[ o8ts.) = s@lhteyds = [ lo%(hz) - h(o) (@)

TN Tn

Hence,

o¥(h,x) — h(zx)| dz,

< 1l oy /T

N

/ 0(f,2) — f(@)|h(z)dz
TN

and the conclusion to the theorem follows immediately from the limit in
(2.11). N

Exercises.

1. With Dy (t) = >0, et use the well-known formula for geometric

progressions and prove that
sin(n + 1)t
D, (t) = - 27
sin(t/2)

2. With K, (t) = n+_1 > i—o Dj(t), use the familiar formula 1 — cos¢ =
25in%(¢/2) and prove that

Ko(t) = 1 1-—cos(n+1)t
" 41 1—-cost

3. Prove that K, (t) has the following properties:
(a) Kn(t) >0 VteR,

(b) o5 J 7, Kn(t)dt = 1,

() Kn(t) < 7 =553 If 0<0 <t <.

4. Complete the proof of Corollary 2.5.
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3. Bochner-Riesz Summability of Fourier Series

As we observed in the introduction to this chapter, Ae?™?® = — \m[2 elma
where A is the usual Laplace operator. Hence, from an eigenvalue point of
view, since the eigenfunctions with the same eigenvalue have their integral
lattice points lying on spheres, it is a good idea to study multiple Fourier se-
ries using spherical techniques. One of the most effective spherical technique
is the method of Bochner-Riesz summation, defined previously in (1.2). With
B(z,r) representing the open N-ball with center x and radius r, the first
theorem for this method of summation that we shall prove is the following
due to Bochner [Bocl]:

Theorem 3.1. Let fc L'Y(Ty) and set

(3.1) of(fix)= D Fm)e™ (1 —|m|* /R?)".
Im|<R

Suppose that |B(0, p)| ™! fB(o ») |f(zo 4+ 2) — f(z0)|dx — 0 as p — 0. Then

i o§(f,0) = flzo) for a> (N~ 1)/2
We refer to o%(f,x) on the left-hand side of (3.1) as the R-th Bochner-
Riesz mean of order a.. Also, |B(0, p)| designates the volume of the N-ball
of radius p, which we shall now compute.
In order to make this computation, we introduce the N-dimensional
spherical coordinate notation

r1 = rcosb;
r9 = 7rsinéy cosbs
r3 = rsinfysinf;cosbs
TN_1 = rsinfysinfsy---sinfy_scos ¢
ry = rsinfisinfs---sinfy_osin ¢

where 0 <r <p, 0<0; <7mforj=1,...,N -2 and 0 < ¢ < 27.
We label the Jacobian of this transformation, Jn(r,01,...,0nN—_2,¢). For
example,

cos 01 —sin 64 0
J3(r,01,¢) = r?| sinfjcos¢ cosficos¢ —sinfsing |,

sinfysing cosfising sinfycos ¢

and an easy computation shows that J3(r,01,¢) = r?sin 6.
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In a similar manner, we see that J4(r, 01,62, ¢)/r> is going to be the
determinant of the following array:

cos 01 —sin 64 0 0
sin 61 cos 05 cos 1 cos B — sin f4 sin 09 0
sin @ sinfy cos ¢ cos By sinfscos@  sinfqcosbycos¢ —sin by sin fs sin ¢
sinf; sinfysing cosfysinfssing  sinfycosfysing  sin fq sin O5 cos .

Expanding this determinant using the first row, we observe that
Tu(r,01,09,0) /13 = cos? 01 sin? 01 T3(r, 0, ¢) /12 + sin® 01 T5(r, 02, ¢) />
= sin?0175(r, 02, ¢) /r*
= sin? 6 sin 6s.

Hence, J4(r, 01,02, ¢) = r3sin? 0, sin 0y.
Continuing in this manner, we compute Jn(r,01,...,0n_2,¢) using in-
duction and obtain

(3.2) jN(T, 01,...,0N_o, (25) = TN_l(SiIl 91)N_2 oo (sin QN_g)z(SiIl QN_Q).

Now, is well known,
(3.3)

p T T 2w
|B(0,p)| :/ / / jN(r,Hl,...,HN_g,QS)dqdel---dHN_gdr.
0 JO 0 JO

Also, it is easy to see that
p
BOp) = [P Syl dr = ¥ Syl /N,
0

where Sy_1 is the unit (N-1)-sphere in RY and |Sy_1| is its (N — 1)-
dimensional volume.
In particular, we see from (3.2) and (3.3) that

|Sv—1| = 2#/ / Sln01 <+ (sinfy_9)dby -+ dON_o

= 27TH / (sin 6)7d6.
j=1"0

From [Til, p. 56], we obtain

| Gmoyias = rgmd

Consequently, it follows from this last calculation that

S| = 2x[P (1N 2/ = 22T (),

j+1 j+2

)-

and therefore that
2(7)A72pN
NT(%)

(3.4) |B(0,p)| =
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|Sn—1| can also be computed from the following observation:

—|z|? > N—1_—r2
e "dx = |Sn-1] r e dr
RN 0

= \SN_1]2_1/ 52 Lemds
0
N
= Jswair

1
Since, is well known, fooo et dt = %, the left-hand side of the above equal-
ity is (7)N/2, and we obtain the same value for |Sy_1| as we did before.

In order to prove Theorem 3.1, we shall need some lemmas. The first of
such lemmas is concerned with the Bochner-Riesz summability of Fourier
integrals. In particular, if g € Ll(RN ) and is complex-valued, we designate
the Fourier transform of g by g and define it in a manner analogous to the

one used for the Fourier coefficients of a function in L!(Ty), namely,
) = @n) Y [ g,
RN
The first lemma we prove is the following:

Lemma 3.2. Let g € L'(RY) and be complez-valued. Set
(35 (o) = [ e o (R dy,
B(0,R)

Suppose that |B(0, p)| ™" fB(O ») lg(xo + ) — g(zg)| dz — 0 as p — 0. Then
Jim (9. 20) = gla0) for > (N~ 1)/2

Proof of Lemma 3.2. We will first prove a special case of the lemma,

e—|x—:c0|2

namely, when g(z) = . We start out by observing once again that

1
fooo e’ ds = %, and from (1.12) in Appendix A that

o
—s2 T2 42
e % cos2ts ds = —e b,
0 2

2

co g2 _ 1
Hence, f_oo e % e "tds = m2e” 1, and consequently

[e.e] [e.e] 2 2 i 2
(3.6) / / e~ @it FaN) gmimy gy — oN2em WP/ for y € RV,
— 0o —0o0
N —
N

On setting 22 = u and y = 0 in this last equation, we see that

(3.7) / U /4 gy, — 7 N/29N
RN
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We are now able to establish the lemma in the particular case when
2
g(x) = e~1#=%l" From (3.6), we obtain that

gly) = (27T)_N/ e~ Ye—lz=0l’ gy
RN

RN
_ (QW)—Ne—iywoﬂN/?e—\y|2/4_

Hence, g(y) € L*(RY), and the equality in (3.7) together with this last
value of g(y) then implies that
fim [ Gyt R dy = (2m) eV [ ity
R—oo JB(0,R) RN
—  (2m) " NalN/2pN/29N

= g(zo).

Therefore, the lemma is proved in the special case g(x) = e~ lz=zol*
From what we have just established, we can prove the lemma. Without
loss of generality we can assume from the start that

(3.8) g(zp) = 0.

Otherwise, we could work with the function

h(z) = g(z) — glzg)e™*—o.

In order to prove the lemma, we will need two estimates concerning
Bessel functions that are established in Appendix A. The first estimate we
need is

1
(3.9) |1, ()] < Kpt¥ for 0 <t <1andv> ~3
and the second is
(3.10) |, (t)] < Ktz for1<t<ooandv>—1,

where K, is a positive constant. The estimates (3.9) and (3.10) correspond
respectively to (2.1) and (2.2) in Appendix A.
Continuing with the proof of the lemma, we set

(3.11) (2m)N Hpy(x) = /B o O R

and observe from (3.5) and Fubini’s theorem that

TR(9,20) = /RN g(x)Hg(x — zo)dz.

Hence,

(3.12) 7%(g9, o) = /RN g(x 4+ xo)Hp(x)dx.
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In (1.11) in Appendix A, it is shown that
(3.13) Hfy(2) = (N, a)Jy o (RIe)R¥ = /[a] 2+,
where ¢(N,a) = (27) N wy_22°T(a + 1) = 2°T'(a + 1)/(27)/2. We there-
fore conclude from (3.12) and (3.13) that

(3.14)  7%(g, 20) = (N, a) RN /

N
- 9(@ +20) Ty (R |2])/(R|z]) 2" da.

Next, we set
Gy = [ lgta+ a0)] da.
B(0,r)

and observe from (3.8) and the hypothesis of the lemma that
(1) G(r) = o(r’Y) asr — 0,

(#4) G(r) is uniformly bounded for 0 < r < oo,
(3.15)
(i7i) G(r) is absolutely continuous on 0 < r < o0,

(iv) dG(r)/dr > 0 a.e. on 0 < r < 0.

From the definition of G(r) above, we see from (3.14) and (3.15)(iii) and
(iv) that

(3.16)  |7%(9,70)| < ¢(N,a)RY /000 %ff) ‘Jnga(Rr)‘ /(Rr)%%‘ dr.

Also, we see that the statements in (3.15) together with o > (N — 1)/2
imply that for any § > 0,

RN/2~ (o) / 7‘_(%+a+%)dG(7‘)/dr dr =o(1) as R — oo.
6
Hence, we obtain from (3.12) and (3.16) that

dr.

/5 4G () |50 (B7)]
o dr (RT)%Jra

Next, given € > 0 and using (3.15)(i), we choose d, with 0 < ¢ < 1, so
that

(3.17) limsup |7%(g, z0)| /¢(N,a) < RN

R—o00

|G(r)| <er™  for0<r <3,
and observe after an integration by parts that

6
lim sup RN/2_(°‘+%)/ 7’_(%+°‘+%)dG(T)/dr dr < 2
R-1

R—o00

So using (3.10) and this last computation, we obtain

5 ‘Jﬂ (Rr)
limsupRN/ dG(r) |75+ ¥
R—o0 R-1 dr (Rr)?"’a
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Also, using (3.9) and (3.15) (iii) and (iv), we see that
RV /Rl dG(r)
0 dr

for R sufficiently large.
Hence, on writing the integral on the right-hand side of the inequality in

Nia
Ty ol BO)| /(RO FF dr <Ky,

-1
(i.l?) in the form f06 = OR + [ g,l, we see from these last two inequalities
that

. N o+ % + %
limsup |7%(g, z0)| /c(N, ) < 5K%+a(m +1).
R—o0 2 2

Since ¢ is an arbitrary positive number, we conclude that
lim |T(}x{(97$0)| = 07
R—o0

which finishes the proof of the Lemma 3.2 because g(z9) =0. N
The next lemma that we need for the proof of Theorem 3.1 is the fol-
lowing:

Lemma 3.3. Let S(m) be the trigonometric polynomial Z\mISPh by, e,
i.e., S(T)=) " cn, b€ where by, =0 for [m| > Ry. For R>0, set

o%(S,x) = D bpne™(1—|m|* /R?)".
Im|<R
Then for o> (N —1)/2,

Ty o (Rlz—y))
(3.18) o%(S,x) = e(N,a)RN>~e | §(y)—2""—
R o —y|2 "

dy

where ¢(N, ) is the constant in (3.13).

Proof of Lemma 3.3. Define ¢(t) = (1 —t3)*, 0 < ¢t < 1, and ¢(t) = 0
for t > 1. Then since S(z) is a finite linear combination of exponentials, it
is clear that the lemma will follow if we can show that for fixed x and every
ue RN,

(3.19) el M — RN/2—a/ iy J%-ﬁ-a(R ‘x - y‘)
RV |z — y|%+a

c(N, a) ay-

Set g(u) = €“®¢(|u| /R). Then g(u) is a continuous function which is
also in L*(RN). If g(y) is also in L'(RY), it follows from Lemma 3.2 and
the Lebesgue dominated convergence theorem that

o) = [ iy
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For fixed z, (3.9) and (3.10) let
N .
J%+Q(R|x —y))/ |z —y|2T* € LYRY) with respect to y.
So (3.19) will be established if we show that

3W) _ prjpaBralBlT W)
¢(N,a) iz — y| e

But from (3.11), we see that g(y) = Hg(z — y); this last fact follows from
the equality in (3.13). W

Proof of Theorem 3.1. We first observe from (3.9), (3.10), and (3.13)
that there is a constant K(«, R) and an 1 > 0 such that for fixed R,

(3.20) |H&(z)| < K(o, R)/(1 + |z)NT" for z € RV,
where K(a, R) is a constant depending on v and R. Consequently, the series
Z H%(z +2mm) = Hi(x)
meAN

is absolutely convergent, and furthermore

(3.21) Rlligqoo > Hy(w+2rm) = Hi(x)
Im|<R:
uniformly for z in a bounded domain.
Set SV(x) = 0;}( f,x), which is the trigonometric polynomial defined in
(2.6). Then by (3.20), S’(y)H&(z —y) € L*(RYN) with respect to y, and we
obtain from Lemma 3.3 and (3.21) that for z in a bounded domain,

m(sh0) = [ S He -y
= lim ST (y + 2rm)HE(x — y — 27m)d
Ri—0 |mZ§:Rl TN (y ) R( Y ) Y

= lim [ S(y)( Y Hi(x—y—2rm))dy

Rj—o0 Tn ml<Ba

= ST (y)H (z — y)dy.
TN

By Theorem 2.2, S7 — f in L}(Tw). Also, Hi* € C(Tn). So from this
last computation we can see by passing to the limit as j — oo, that

(3.22) oRk(f, ) = . F)HE (z = y)dy.
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But f(y) is defined in RY by periodicity of period 27 in each variable.
So we see that

(3.23) |f(y)|dy = O(RY™') as Ry — oc.

/B(O,R1+1)\B(07R1)
This fact in conjunction with (3.20), implies that f(y)H&(z —y) € L}(RY)
with respect to y.

Hence, using (3.22), we can reverse the previous calculation and obtain

B24)  oh(fa) = [ f@Hz0 -y = [ 1+ 0 H ).

Since the theorem is obviously true if f(x) is a constant function, we can
prove the theorem, with no loss in generality, if we assume that f(z¢) = 0.
Therefore, from the hypothesis of the theorem,

/ |f (z + z0)| dz = o(rY) as r — 0.
B(0,r)

So using (3.15) and comparing (3.24) with (3.14), we see that locally the
same proof will apply here as it was applied in the proof of Lemma 3.2.
Consequently, to complete the proof of the theorem, we must to show that
for fixed & > 0,

(3.25) lim flz+ xo)Hg(z)dz = 0.
R—o0 JRN\B(0,5)

Using (3.13) in conjunction with the estimate in (3.12), we see that
[z + 20) (N—1)/2— / | f(z + z0)|
—— Hg(x)dz| <R @ ————=d
/RN\B(O,cS) A(N,a) F

RN\ B(0,6) ‘LL”OH_(N—H)/2
where A(N,a) = ¢(N,a)Kx_ , is a constant. Since a > (N —1)/2, we see
2
from (3.23) that the integral on the right-hand side of this last inequality is
finite. Also we see that (N —1)/2 — « is strictly negative. Consequently, the
right-hand side of this last inequality is o(1) as R — oc.

We conclude that the limit in (3.25) is indeed valid, and we complete
the proof of Theorem 3.1. N

a = (N —1)/2is called the critical index for Bochner-Riesz summability.
What is very interesting about Theorem 3.1 is that it fails at the critical
index for N > 2, even if f = 0 in a neighborhood of xy. Bochner has shown,
in particular that with 0 < < 1,

1 . P
(3.26) 3 fe LY Ty),N >2,with f =0 in B(0,0)

such that
limsupp_ J%V_l)/z(f, 0)| = c0.
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To see this ingenious counter-example, we refer the reader to [Boc, p.
193] or [Shl, pp. 57-64].

It is clear from the Riemann-Lebesgue Lemma and the form of the
Dirichlet kernel given in (2.1) that Bochner’s counter-example itself does
not hold when N = 1.

We close this section with the following corollary of Theorem 3.1:

Corollary 3.4. Suppose f € L' (T). Then for a > (N —1) /2,

Rlim ox(x)=f(x)  forae xeTy.

Proof of Corollary 3.4. Since almost every = € Ty is in the Lebesgue
set of f (see page 22), Corollary 3.4 follows immediately from Theorem 3.1.
|

Exercises.
1. Show that Bochner’s counter-example does indeed fail in dimension
N =1.
2. Find the third and fourth rows in the determinant corresponding to
IN(r,01,...,0N_2,¢) when N =5.
3. By direct calculation, show that the following formula is true when
j=3:
x ‘
NG J+1 J + 2
| simoyian = rHrGmd).
4. Given that G (r) satisfies the conditions in (3.15) and that a >
(N —1) /2, > 0 prove that

RN/2=(a+3) / r_(%+°‘+%)dG(r)/dr dr =o(1) as R — oc.
é

4. Abel Summability of Fourier Series

The Abel summability of Fourier series was defined in (1.3) of this chap-
ter, and in this section, we shall prove three theorems regarding this method
of summation. The first theorem we establish is an N-dimensional version
of a well-known theorem in one dimension originally due to Fatou [Zyl, p.
100].

Theorem 4.1. Let feL*(Ty), and for t > 0, set

— Z f(m)ezmm—\mﬁ

meAN
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Also, set

fB(x,T’) f(y)dy

- . fB(x,r) f(y)dy
B~ (z) = limsup ——2+——— Bl

and (_(z) = liminf
r—0 |B(l‘,7“)| ﬁ ( ) r—0

Then
f(w) <liminf Ay(f, z) < limsup A(f,z) < 87 (2).
- t—0

Of course, this theorem implies that in case ™ (z) = f_(x), then the
Fourier series of f is Abel summable at x to this common value.

Proof of Theorem 4.1. To prove Theorem 4.1, we proceed in a manner
similar to the proof given in Theorem 3.1. First, let geL'(R”Y), and set

(4.1) Ai(g,x) = / G(y)ev==Wltay  for ¢t > 0,
RN

where g(y) is the Fourier transform of g and is defined above Lemma 3.2.
Then, for ¢t > 0, by Fubini’s theorem,

42 Adga) = @0 [ gr] e by
But, for N > 2,

) ™
/ eiy-(m—u)—|y\tdy _ |SN—2| / e—rtrN—l / ei|m—u|r cos@(sin H)N_2d9.
RN 0 0

Consequently,

. o0 J(n—2)/2(r |z — ul)
wy-(x—u)—|ylt 7, _ —rt, N—1“(N—-2)/2
(43) /RNe = ”N‘2/0 T - ayr

where we have made use of the integral identity in (1.5) in Appendix A and
wn_o = (2m)N/? is the constant defined below (1.11) in Appendix A.
For N = 1, the equality in (4.3) continues to hold with w_; = (27)%/2.
This follows from a direct calculation that uses the well-known fact that
cost = (7T/2)1/2t1/2J_1/2(t) for t > 0.

Next, we use the integral identity (1.7) in Appendix A and conclude
from the equality in (4.3) that

/ eiy~(x—U)—|y\tdy — bNt[t2 + |z — u]2]_(N+1)/2
RN

where by = (2)N/2D (Y3 Juy a(m) 2.
This last equality, in conjunction with (4.2), establishes the useful fact
that for ¢ > 0,

@4 Ale.) = @0 Vo [ gl -y Ry

Next, we observe that the analog of Lemma 3.2 holds for 4;(g, x).
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Also, we see that the analog of Lemma 3.3 holds, namely, if S (z) is a
trigonometric polynomial, then

@4) S = Cm) Ny [ SR + o=y Ry,

To show that this is indeed the case, we need to only establish, as in the
proof of Lemma 3.3, that

eiuvme—\u\t/bN — (27T)_N/ eiu-yt[t2 + ‘Z’ - y\2]_(N+1)/2dy
RN

for u € RN and ¢ > 0. This equality will follow from the fact that the Fourier
transform of e e~ lult /by is

(2m)NHE2 + | — P~ VHD/2,

which is the statement three lines above (4.4) when u and y are interchanged.

Using the same technique that we used in the proof of Theorem 3.1 (i.e.,
see (3.25) through (3.27) in §3), to pass from Fourier integrals to Fourier
series, we obtain from (4.4') that for f € L' (Ty),

45)  Afiw) = (2m) Voy /RN f @+ )t + |y~ 2dy.

To prove Theorem 4.1, it is sufficient to just establish the last inequality
stated in the conclusion, namely,

(4.6) limsup 4;(f,z) < 7 (x).

t—0

For then the first inequality follows from a consideration of —f.

If 57 (z) = o0, (4.6) is established. So we need only consider the two
cases: (i) 7 (x) is finite, or (ii) S~ (x) = —oo in establishing (4.6). It is clear
that the inequality in (4.6) will follow in both these cases if we show that
the following holds for veR. :

(4.7) B~ (x) <y ==limsup 4(f,z) <~.

t—0

We now establish (4.7). To do this, first of all, we observe from (4.5)
that f(y) identically one implies that

(4.8) (2m) Noyt / 12+ |y WD 2ay =1 for ¢ > 0.
RN

Next, we set

 f(@+y)d
- fote) = A

and use the hypothesis in (4.7) choose § > 0 so that
(4.10) fi(z) <~y for 0<r<d.
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Observing that f(z + ) [y|~ ™M eLL(RN\B(0,6)) with respect to y
(because for fixed z, f(z + y)eL'(Ty) and is periodic of period 27 in each
variable), we see that

lim ¢ / Fa+ )l + -+ 2ay = o,
=0 JRN\B(0,5)

Consequently, we obtain from (4.5) that
(4.11)

limsup Ay(f, ) < (2) by lim sup / tf(x+y)[t? + [y~ VD 2dy,
t—0 t—0 B(0,6)

From (4.9), we next observe that the integral on the right-hand side of
this last inequality can be written as

J _ d” (0,7’)’ f[r}(x)]
21— 2 4B
t/o (12 4 r2)-(N+D/2 - dr.

So we conclude from (4.9) and (4.10), after performing an integration by
parts on this last integral, that
(4.12)
§
limsup A¢(f, z) < v(27) " Nby limsup(N + 1)t/ 7t —|—r2]_¥ |B(0,r)|dr.
t—0 t—0 0
Likewise, after integrating by parts, we see from the identity in (4.8)
that

5 .
(2m) Vb lim (N + 1)t/ r[t2 + 02772 | B(0,r)| dr = 1.
- 0

This last equality together with the inequality in (4.12) establishes the
implication in (4.7) and concludes the proof to Theorem 4.1. W

The next theorem that we establish involves the concept of nontangential
Abel summability. With zoe R and 7 > 0, let C, () stand for the cone in

Rﬂ\: 1 with vertex (g, 0) given as follows:

(4.13) Cy(zg) = {(x,t) : t >0 and >}

|z — ol
We say that the Fourier series of f, namely S[f], is nontangentially Abel
summable at xg to the limit [ if for every v > 0,
lim A(f,x) =1
(e oy )
where (z,t) tends to (xg,0) within the cone C, (o).

The nontangential Abel summability theorem that we shall present here
is an improvement (for N > 2) over the usual one presented in books related
to this subject (e.g., see [SW, p. 62]). In order to do this, we introduce the
o-set of f where f € L'(Tx). We say g is in the o-set of f provided the
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following holds: Ve > 0, 39 > 0 such that |z — z¢| < ¢ and r < ¢ implies
that

(4.14)

/ @) — Flao)dy| < ez — zo] + 1)V,
B(z,r)

We prove the following theorem (see [Sh4]):

Theorem 4.2. Let feL'(Tx), and suppose that xo € o-set of f. Then
S[f] is nontangentially Abel summable at xo to f(xo).

For N = 1, this result is the same as the result given in [Zyl, p. 61]
which is evidently due to Fatou and states that if F'=[ f and F' has a finite
derivative equal to f(zg) (henceforth referred to as the Fatou condition at
xo), then nontangential Abel summability occurs at z¢. It is not difficult to
show that for N = 1, xg € o-set of f if and only if the Fatou condition holds
for f at xo.

For N > 2, this result about xy € o-set of f has not appeared previously
in any book and is due to the author (see [Sh 4]). The usual theorem proved
is that if xg €Lebesgue set of f, nontangential Abel summability occurs
at xg, [SW, p. 62]. After we prove the above theorem, we shall show z( €
Lebesgue set of f implies that xg € o-set of f. Also, we shall give an example
of an f € L*°(T,) such that xg is not in the Lebesgue set of f, but z¢ is in
the o-set of f .

Proof of Theorem 4.2. To prove the theorem, it is easy to see from the
start that we can assume that x¢g = 0. Therefore, to prove the theorem, we
assume that v > 0 and that {(zy,t,)}52; C C4(0) with 2,, — 0 and t,, — 0.
The proof will be complete when we show that

(4.15) lim Ay, (f, zn) = f(0).

Given ¢ > 0, it is clear that the limit in (4.15) will follow if we show that
4.16 1 & <2(N+1e(—+1)".
(4.16) lgl—ilip (2 N <2(N + )6(7 +1)

It follows from (4.5) and (4.8) in the proof of Theorem 4.1 that

Atn ,Zn) — f(0 ~
gﬂ)_gvbe( ) /RN[f(:Uner) — FO)tal£2 + |y)?] N+ 2y

where by = (2)N/2F(#)w1v_2(7r)_% and wy_y = (27)"/2. Hence, the
inequality in (4.16) will follow if we show that

(4.17)
lim sup / @ +1) = FOalt2 + [y~ N 2gy s2<N+1>s<%+1>N.
n— oo RN
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Next, we set
(4.18)

Fo(r) = /B o ) = Oy = /0 dp /5 o ) = FO)S ),

where S(0, p) = 0B(0,r). Using the fact that 0 € o-set of f, we invoke (4.14)
and choose a 6 > 0, so that

(4.19) |E,(r)] < e(Jan] + 7)Y for |z, <& and r<é.

Also, we observe that

/RN\B(() 5) |f(@n +y) = F(O)]/ |Z/|N+1 dy is uniformly bounded in n.

Furthermore, for |y| > 6, [12 + |y|*]~ @072 < |y|~ ™V Hence, it follows
that the inequality in (4.17) will be established if we show that
(4.20)

lim sup / F@n +9) — Ol + [y Frdy| <208 + Dt + 1N
B(0,6) Y

n—oo

From (4.18), we see that F,,(r) is absolutely continuous on the interval
(0,9) with dFdLr(r) existing almost everywhere in (0,8) and also in L'(0,6).

Therefore, the integral in (4.20) is equal to

d

‘ / AEn(r) 2 | 2)-(v41)2g),
0 dr

We conclude after integrating by parts, that the inequality in (4.20) will be

established if we show

§
(4.21) lim sup tn/ rF,(r)(82 4 r2)~ W32y
0

n—oo

<2(v 4+ 1D)Ve.

Next, we observe that fg = Ot" + fti We shall deal with each of these
cases separately and show

tn
(4.22) lim sup tn/ rE(r) (82 + 1)~ W20 < (71 4 1)Ne
n—00 0
and
6
(4.23) lim sup tn/ rF(r) (2 4+ r2) "N+ 2qp| < (471 4+ 1)Ne,
n—00 tn

Once the inequalities in (4.22) and (4.23) are established, then the inequality
in (4.21) follows. So, to complete the proof of the theorem, it remains to show
that the inequalities in (4.22) and (4.23) are valid.

We proceed with the situation in (4.22). For this case, ¢, < 0, and
0 < r < t,. Also, from (4.13) with ¢ = 0, |z,| < v~ 't,. For this case
Consequently, we see from (4.19), that

[Fa(r)] < e(|(@n] + )Y < ey + ta) ™.
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Therefore,
tn tn
/ an(r)(t%+r2)_(N+3)/2dr < 6(’7_1+1)th/ r(ti—i—rz)_%dr
0 0
tn
< 5(7‘1+1)Ntﬁ/ rt, V) dy
0
< ey )N,

and we conclude that the inequality in (4.22) does indeed hold.

So to complete the proof of the theorem, it remains to show that the
inequality in (4.23) is valid. For this case, t, < r < ¢, and from (4.13) with
ro = 0, we also see that |z,| < v~ 't, < v~ !r. Consequently, we infer from
(4.19) that

[Fn(r)] < e(l(@a] + 7)Y <e(y7hr+ ).

Therefore,
5 5
/ rE(r)(ty + %)~ N 2ar) < g(y )Y / PNHL(2 2y gy
tn tn
5
< E(’y_l—Fl)N/ PN+ =(N43) gy
tn
< (DY

and, we conclude that the inequality in (4.23) is indeed valid. The proof of
the theorem is therefore complete. W

Next we show that xg € Lebesgue set of f implies that zg € o-set of f.
We recall that xg is in the Lebesgue set of f means that

lim p= / ) — f(xo)] dy = 0.
B(zo,p)

p—0

Hence, given £ > 0, there exists § > 0 such that p < ¢ implies that
/ |f(y) — f(zo)| dy < ep™.
B(zo,p)

Since B(x,r) C B(xg,|x — x| + r), we see from this last observation
that given € > 0, |z — z9| < 6/2 and r < §/2 implies that

/ @) — flao)ldy
B(z,r)

< - d
< /B o ) = S0 dy
< e(jx —zo| + ).

Hence, from (4.14), we infer that z is indeed in the o-set of f.

Next, we give an example of an f € L°°(T5) such that 0 is not in the
Lebesgue set of f, but 0 is in the o-set of f .
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To exhibit our example, we first consider the function h,(s) defined on
the interval (n+1)7! < s <n~! ¥n > 1. In order to this, we first introduce
the five points {7 ?:0 that subdivide the interval [(n+1)~!,n~!] into four
equal intervals, namely,

1 J
"= 1 =0,1,2,3,4.
& n—|—1+4n(n—|—1) J

For example, when n = 1, we have the following subdivision where the

first dot after % is %, the next %, and the next % :

N —

1
80562%76%:%75%:%7£é:§7£4:1
For the general situation, we have

! 1
n+1 n
where the first dot after n%rl is &7 = the next dot &5 =
1 2 n_ 1 3
1 T It and the next {3 = 45 + TCESVE
We then define hy,(s) to be linear in each of the intervals [ £, 7], [€T1, 5],
and [ &3,&1] with hy(£5) = hn(§5) = hn(84) = 0 and hn(§7) = 1 and
hn(€5) = —1. In other words,
hals) = An(n+1)(s—&) for€f <s <€l
— (a4 1) —s)  for &l <s<g)
= et )(s-€)) for&l<s<gl
In particular, With = .5, 2 .625, % = .75 , and % = .875, we get the
following picture for hl(s)

1 1
n+1 + An(n+1)’

y T

0.5 0.625 ON\7 5 0.875 1
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Next, we define g(s) on the half-open interval (0,1] as follows:
(4.24) g(s) = hn(s) for sef(n+1)"'n™1 n=12..,
and then on R in the following manner:

g(s) = 0 fors=0ands>1,
= —g(—s) for s <O0.

It is clear that g(s) is uniformly bounded in R and continuous every-
where except s = 0. However, if we define G(s fo t)dt for s € R, we see
that G(0) = 0, that G(s) is an even functlon and that

(4.25) IG(s)| < [dn(n+ 1] for se[(n+1)"1n™] n=1,2 ...
Therefore,

\G(s)\< n+1
s “4n(n+1)

<s forsef(n+1)"n n=12.,

and consequently, this last inequality plus the fact that G is an even function

implies that

G(s)]
|s|

Since G(0) = 0, we obtain from (4.26) that the derivative of G exists

at 0 with %(0) = 0. But then from the definition of G and the fact that
g(0) = 0, we have that

(4.26) <l|s| for0<|s| <1.

(4.27) dG( )=g(s) VseR.
ds
Also, we see that
OO 1 -1 -1
> == e
/ lg(t)| dt > K1) for se[(n+1)"",n""] n=12,..,
+1
— 1 1 s 11
Z k:k:+1 Z P2n+22§f0rse[(n+l) ;]
k=n+1 k=n+2

andn=1,2,....
From these last two sets of inequalities, it follows that

(4.28) 8_1/ lg(t)|dt > 671 for 0<s<1.
0

We now define the function for our example, namely, f(x1,z2) eL°(T5)
as follows: for x € Ty,

f(z1,29) = g(xy) for (x% + x%)% <2
(4.29)
=0 for x € To\B(0,2).
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We define f(x1,22) in the rest of R? by the periodicity of period 27 in each
variable.

Next, we let Sq(0,r) be the square of side 2r centered at 0, and observe
that Sq(0,7) C B(0,2r). Therefore, from (4.29), we have that for 0 < r < 1,

[ v@lar = [ @l
B(0,2r) Sq(0,r)
> /[/ |f (z1, 22)| doq]2

> Adr [ |g(s)|ds.
0

Also, recalling that g(0) = 0, we have that f(0) = 0. Hence, we infer from
this last set of inequalities and the inequality in (4.28) that

[ @Oz <<t
B(0,2r) 3

Consequently,

r—0

liminfr_2/ \f(m)—f(O)]dng,
B(0,2r)

and we conclude that 0 is not in the Lebesgue set of f.
To complete our example, it remains to show that 0 is in the o-set of f.
To accomplish this, we set

(4.30) F(z1,20) = G(z1) for (x1,z9)eR?,
and infer from (4.27) and (4.29) that F' has a total derivative at each point
of B(0,2), and furthermore, if (2% + ZE%)% < 2, then

OF OF
(4.31) 8—:171($1’$2) = f(z1,22) and a—m(iﬂl,lﬂz) =0.

We next invoke the version of Green’s theorem given in [Sh8, p. 262] and
obtain that for (3 + x%)% <landr <1,

(432 [ Fadn= [ () - 10
0B(z,r) B(z,r)
where we also have made use of the fact that f(0) = 0.
Now,
21
/ F(y1,y2)dys = r F(x1+rcosf,xze + rsinf) cos Od
OB(z,r) 0

2T
= r/ G(z1 + rcos ) cos 6db.
0
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So, from (4.32) and this last computation, we have that

2m
(4.33) < r/ |G (21 + rcos )| db.
0

[ 1) £y
B(z,r)

Next, from the inequality in (4.26), we see that
(4.34) |G(z1 4 rcosd)| < |z1 4+ rcosf|*  for |z +rcosf] < 1.

Consequently, given ¢ > 0 with € < 1, we choose § = 5. Then, from
(4.33) and (4.34), we obtain that

for |z| < and r <4, <€(|$|+7”)27

/ Fy) — FO))dy
B(z,r)

and we conclude from (4.14) that 0 is indeed in the o-set of f. Therefore, 0
is not in the Lebesgue set of f, but it is in the o-set of f, and our example
is complete.

Next, with
(4.35) A(f,x) = Z (m)e™ =Mt where t > 0,

meAN

we shall prove the following theorem that we shall need in Chapter 2.

Theorem 4.3. Let f € LY (Tx) and suppose Ai(f,x) is defined as in
(4.85). Then
(4.36) lim/ A(f,2) — f(z)|dz = 0.
t—0 TN
To prove the theorem, we will first need the following lemma, which is

sometimes known as the Poisson summation formula.

Lemma 4.4. Set

(4.37) Pz,t) = Y ™Mt fort > 0.
meAN

Then

(4.38) P(x,t) = byt Z (2 + |z + 2em |2~ (N+D/2,
mEAN

for t >0 where by = 2NT(XFH )7 (N-1/2,
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Proof of Lemma 4.4. We shall call P(x,t), which is defined in (4.37), the
Poisson kernel and shall set
(4.39) P(x,t) =byt > [t + |2+ 2mm|?)-VHD2,

meAN

The proof of the lemma will be complete when we succeed in showing that
(4.40) P(z,t) = P*(x,t).

In order to show that the equality in (4.40) is true, we observe from (4.37)
and (4.39), for t > 0, that both functions are continuous and also periodic of
period 27 in each variable. So from Corollary 2.3 (i.e., the completeness of
the trigonometric system), to establish the equality in (4.40), it is sufficient
to show

(4.41) (2m)™VN P*(y, t)e™ ™ Ydy = e ™1t for ¢ > 0 and m* € Ay.
Tn
From (4.39), we see that
(4.42) Py, t)e ™ Vdy = bNt/ (7 + [y[?]-(HD2emim Ty gy,
Tn RN

On the other hand, from the formula four lines above (4.4), we see that the
Fourier transform of e~/ is

(2m) " Nont[t? + [y )" HD/2,

Therefore, from Lemma 3.2 coupled with the Lebesgue dominated conver-
gence theorem, we see that

) Vot [ e gy — il
RN

So (4.42) joined with this last equality shows that the equality in (4.41) is
indeed true and completes the proof of the lemma. W

Proof of Theorem 4.3. We first observe from (4.37) and (4.38) that the
Poisson kernel, P(xz,t), has the following properties:

(1) P(z,t) >0 forx € Ty and t > 0;
(4.43)
.. —N
(i)(2m) =" [, P(a,t)de =1 for ¢ > 0.

Also, we see that
|x 4+ 2mm| > [2nem| — x|  for z € Ty and |m| > 1.
Consequently, it follows from the equality in (4.38) that for 0 < § < 1,

(4.44) sup  |P(z,t)] =0 ast— 0.
z€Tn—B(0,0)
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Continuing with the proof of the theorem, we observe from (4.35) and
(4.37) that

Ay(f,x) = (2m) N | J(@—y)Py,t)dy for t >0.

Hence, it follows from (4.43)(i) and(ii) that
@0 iy |Afo) — [ d

< [, Ply, )y [1 |f(x—y) = f(z)|da.

Let € > 0 be given. To complete the proof of the theorem, we conclude
from this last inequality that it is sufficient to show that

(4.45) limsup/T P(y,t)dy / |f(x —y) — f(z)|dz < (2m)Ne.

t—0 TN

Since f € L'(Tx) and we have a periodic of period 27 in each variable,
it follows that there is a § with 0 < § < 1 such that

(4.46) | 1re=n - s@lds <= tor i<

Also, we see that
/T F@—y) — f@) dz <2 fll 1z, for y€RY.
N

So it follows from (4.46) and this last inequality that the iterated integrals
on the left-hand side of the inequality in (4.45) are majorized by

2 Hf”Ll(TN) fTN\B(O,é) P(% t)dy

+e fB(O,&) P(y,t)dy.

We conclude from (4.43)(i) and (ii) and from (4.44) that the lim sup of
this last sum as t — 0 is less than or equal to (27T)N €. Hence, the inequality
in (4.45) is indeed true, and the proof of the theorem is complete. W

Exercises.
1. Prove that if g € L! (RN) and if g is continuous at xp, then

%i_l)l(l) Ai(g,z0) = g(o)

where A;(g, x0) is defined in (4.1).
2. Using the result established in Exercise 1 and the identity three lines
above (4.4), prove that

el fby = (277)_N/ e Vit + [y|*] (VD 24y
RN

for u € R and t > 0 where by is defined three lines above (4.4).
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3. Using the identity in (4.8), prove that
N ’ 2 21—
(2m)" by %i_H}é(N + 1)t/0 r[t®+r“]" "2 |B(0,r)|dr = 1.

4. Given f € L' (T1). Prove that f satisfies the Fatou condition at 0 if
and only 0 € o-set of f.

5. Given f € C(Ty). Using the properties of the Poisson kernel enu-
merated in (4.43) and (4.44), prove that

PH& A(f,z) = f () uniformly for z € Ty.

6. Using the mean-value theorem for harmonic functions (see Appendix
C), prove the maximum principle for harmonic functions, i.e., if @ ¢ RV is
an open connected set with xg € Q, v (zg) = M, and v(z) < M Vz € Q,
then
v (z) harmonicin Q = v (z) =M VzreQ.

7. Solve the following boundary-value problem: Given f € C (Ty) with
fTN fdx = 0, prove there exists a unique v (x,t) where x € RY and t > 0
such that

(i) v (z,t) is harmonic in RY ™,
(7) for t > 0, v (z,t) is periodic of period 27
in the zj;-variable for j =1,..., NV,
(43) limy— oo v (z,t) = 0 uniformly for x € Ty,
(iv) limy_g v (x,t) = f(x) uniformly for = € Ty.

5. Gauss-Weierstrass Summability of Fourier Series

Because of its importance in dealing with problems involving solutions
to the heat equation, in this section, we present the Gauss-Weierstrass (G-W
for short) method of summability. Given feL!'(Tw), for t > 0, we set

Wilf,0)= 3 Flm)ema=lmt

melA N

and say Sl[f] is G-W summable at zy to f(zo) if
lm Wi (f, 20) = f(zo)-

We shall be primarily interested in nontangential G-W summability. In
particular, we say Slf] is nontangentially G-W summable at z¢ to f(xg) if
for every v > 0,

5.1 lim Wy(f,z)=f(x

(5.1 L W(7) = f(ao)

where (z,t) tends to (x,0) within the cone Cy(zg). (The cone C,(zo) is
defined in (4.13) above.)
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We shall prove the following theorem regarding nontangential G-W
summability of S[f] and the o-set of f. (The o-set of f is defined in (4.14)
above.)

Theorem 5.1. Let feL'(Ty), N > 1, and suppose that xog € o-set of f.
Then S[f] is nontangentially G-W summable at o to f(xo).

Proof of Theorem 5.1. To prove the theorem, we first observe from
(3.6) above that for ¢ > 0,

5.2 iy-(e—uw)~ly*t g, — (T\N/2 —|z—ul* /4t

(5.2 /. y= (Ve

Also, we observe from (3.7) that
(5.3) (47Tt)_N/2/ e_ly‘2/4tdy =1 fort>0.
RN
Next, let geL'(R"), and set
5.4 Wi(g, ) = gy eiy'x_‘yQ‘tdy for t > 0,
(
RN

where g(y) is the Fourier transform of g and is previously defined above in
Lemma 3.2. Then, for ¢ > 0, by Fubini’s theorem,

Wi(g, (2m)~ / g(u / et (@—w)=lyl® tdy)du.
RN RN
Consequently, we see from (5.2) that
(55) Wilg.) = (amt) 2 [ gly)erleil gy
RN

Using the same technique to pass from Fourier integrals to Fourier series
that we used in the proof of Theorem 4.1 (i.e., see (4.4) and (4.5) in §4),
we see from (5.5) that for f satisfying the conditions in the hypothesis of
the theorem,

(5.6) Wi(f,2) = (4mt)™N2 [ fz+y)e W /4y,
RN

To prove the theorem, we proceed in a manner similar to that used to
previously prove Theorem 4.2. It is easy to see from the start that we can
assume that xg = 0. Therefore, to prove the theorem, we assume that v > 0
and that {(zn,t,)}52; C Cy(0 ) with x,, — 0 and t,, — 0. The proof will be
complete when we show that

(5.7) Jim Wi, (f,a) = £(0).
Given € > 0, it is clear that the limit in (5.7) will follow if we show that

68  lmewp| = Gt

1
< 2‘1s<; + 1)V,
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where 7y = [;° pN+Le=r*/Aqy,
It follows from (5.3) and (5.6) that

Relb 2 2 IO o2 [ [5G4~ 1O

Hence, the inequality in (5.8) will follow if we show that

o /RN [F (e + ) = F(O)]e M 4t”dy‘ < 2—15(% + 1)y

(5.9) limsup |t

n—o0

Next, we set
(5.10)

Fo(r) = /B o ) = Oy = / dp /5 o ) = F0)S W),

where S(0, p) = 0B(0, ). Using the fact that 0 € o-set of f, we invoke (4.14)
and choose a § > 0, so that

(5.11) |E,(r)] < e(Jan] + 7)Y for |z, < dand 7 < 6.

Also, we observe that
2
GV [ ) - SOy
RN\ B(0.5)

is uniformly bounded in n. Hence, since t,, — 0 as n — o0,

lim sup |t
n—oo

=0,

N/2/ [f(xn +y) — F(0)]e 1o /4t gy
RN\B(0.5)

and we conclude that the inequality in (5.9) will follow if we show that
(5.12)

limsup |t
n—oo

1
< 2_15(5 + 1)V

T [ [ty — SO ey
B(0.5)

From (5.10), we see that F,(r) is absolutely continuous on the interval

(0,0) with dF”( ) ¢ L'(0,6). Consequently, we see that the expression inside
the absolute Value sign on the left-hand side of the inequality in (5.12) is

equal to
+—N/2 /6 an(r)e—r2/4tndr.
" 0 d’l"
We integrate by parts and see that the inequality in (5.12) will be es-
tablished if we show that
(5.13) limsup |¢

)
N/2 / E,(r) LG_TQ/M" dr
n—oo 0 tn

Next, we observe that fg = fO" + fti. We shall deal with each of these
cases separately and show

1
< 5(; + 1)V

(5.14) limsup |t

n—oo

tn
N/Z/ Fn(r)ie_ﬂ/‘lt”dr <0
0 tn
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and

6
(5.15) lim sup tn_N/2/ Fn(r)ie_rz/“”dr < &?(l + 1)y
n—00 tn tn v

Once the inequalities in (5.14) and (5.15) are established, then the in-
equality in (5.13) follows. So to complete the proof of the theorem, it remains
to show that the inequalities in (5.14) and (5.15) are valid.

We proceed with the situation in (5.14). For this case, ¢, < 4, and
0 < r <ty Also, (¥n,t,) € Cy(0). Therefore, from (4.13), |x,| < v~ ¢,
where t,, — 0. Hence, we infer from (5.11), for this case,

()] < e((zn] + T)N < 5(7_1% + tn)N-

Therefore,

tn
tn—N/2/ Fn(T)tLe_’a/M"dT‘ < 6(,7—1+1)NtnN/2
0

n

tn
-
/ —dr
0 tn

e(y 7t 4+ )N 2,071,

IN

It is clear from this last inequality that the inequality in (5.14) is indeed
true.

So to complete the proof of the theorem, it remains to show that the
inequality in (5.15) is valid. For this case, t,, < r < 0, and from (4.13), we
also see that |z,| <y~ 't, <~ 'r. Hence, we infer from (5.11) that

|Fa(r)] < e(|(za] + )N <e(ylr 4 1)Y,
and obtain from the definition of 7y below (5.8) that

5 1 N 6
‘tn—N/2/ Fn(r)tie_rz/‘“”dr < E(’Yt tJ;V/lz) / PN =2t g
tn n nin t
o
< e(y 4N /1 pN+1g=r2/4 g,
t2

< ey D)V

So the inequality in (5.15) is indeed valid, and the proof of the theorem is
complete. M

In the sequel, we shall also need the following theorem regarding the
G-W summability of the Fourier series of Borel measures on Ty.

Theorem 5.2. Let py and uq be nonnegative finite Borel measures on Ty,
N > 1, and set p = puy — py. Also, define

fitm) = (7)Y [ e d(a),

TN



5. GAUSS-WEIERSTRASS SUMMABILITY OF FOURIER SERIES 33
Suppose i [B(0,79)] =0 for k=1,2 and 0 <ry<1. Thenif 0<ry <o,

PH& Z ﬁ(m)eimm_\mﬁt =0 uniformly for x € B(0,71).
mel N

Define S[du] = >_,..a, 7i(m)e™. Then the theorem says that if the
total variation of u in B(0,79) is zero and if 0 < r; < 1, the series S[du]
is uniformly G-W summable to zero in B(0,r;).

Proof of Theorem 5.2. For ¢ > 0, set
(5.16) Wildu,z) = Y fi(m)em™==Im,
melAn

and extend each p; by periodicity of period 27 in each variable to all of
RV, ie., for E C Ty, yu(E + 27mm) = u,(E) Ym € Ay and for k = 1,2.
Then with p = p; — pg, use the same technique that we used to obtain the
formula for Wy(f,z) in (5.6); we can show that

Wilduo) = (anty ™2 [ el
RN
RN\ B(0,r9)

For z € B(0,7r1) and |y| > ro, it follows that |z| < rq|y|/ro. Set 6 =
(1- :—(1))2. Then 6 > 0, and we see from the above that

(517) [ Wildu,z)| < (4mt) N2 / e 1t ),
RN\B(O,TO)

for z € B(0,71), where pus = pqy + po.
It is clear that

1im(47rt)_N/2/ 6_5‘y|2/4td,u3(y) =0.
t=0 B(0,2)\B(0,r0)
So we see from (5.17) that to establish the theorem, it is sufficient to show
(5.18) lim sup t_N/2/ e_5|y|2/4tdu3(y) <0.
t—0 RN\B(0,2)

Since the number of integral lattice points in the annulus,
{y:R<|yl<R+1} is ORNTY),

we infer that there is a positive constant ¢ such that

/ dus(y) < cRN=! for R > 1.
B(0,R+1)\B(0,R)
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Consequently,
2 e 2
t—N/2/ Wty () < Ct_zv/2ze—5u| /4 iN-1
RN\B(0,2) =2
[e.e] 5 j2
—48|7]°/4¢ N/2
< ¢ — .
< ey ety
j=2
Since e795/4sN/2 is a decreasing function for s > s, we see from this

last set of inequalities and the integral test for dealing with series that there
is a tg > 0 such that

t—N/2/ =S/, () < C/OO e=0Is /4t (52 1) N2 g
RV\B(0,2) 0

for 0 < t < tg. Hence,
t_N/z/ 6_5‘y|2/4td,u3(y) < ct!/? /OO e 0IsI*/4gN g
RN\B(0,2) 0

for 0 < t < tg. The lim sup inequality in (5.18) follows immediately from
this last inequality, and the proof of the theorem is complete. W

In Chapter 3, in the section on the sets of uniqueness, we will also need
the following theorem concerning the G-W summability of the Fourier series
of a Borel measure on Ty.

Theorem 5.3. Let i be a nonnegative finite Borel measure on T, N > 1,
and define

jitm) = 20)7 [ )

Suppose u[B(0,719)] = 0 where 0 < ro < 1. Suppose, also, that j is a
positive integer and that for t > 0, Wi(du, x) is defined by (5.16). Then if
0<r <rg,

}iH(l) NWy(dp, ) =0 uniformly for x € B(0,r1),

where A stands for the j-th iterated Laplace operator.

Proof of Theorem 5.3. Extend p by periodicity of period 27 in each
variable to all of RY, i.e., for E C Ty, u(E + 2mm) = u(E) Ym € Ay.
Then, as in the proof of Theorem 5.2, we can show that

Wi(dp, z) = (4mt)~N/? / e lo=v /At gy ).
RN\ B(0,r)
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Now, for x € B(0,r1) and |y| > 7o, t=N/2e=le=yI*/4t gatisfies the heat
equation Au = Qu/dt, where A is with respect to z. So, with ¢ > 0,

(5.19) N2 AT elomulP /4t — gi=N/2—la—ul /4t 1347
Consequently,
5200 AWldp,x) = [ O [(dmt)~N/2e= /4] o (),
RN\B(0,r0)

for x € B(0,r1).
It is easy to see that the right-hand side of the equality in (5.19) is a
finite linear combination of terms of the form

(’x _ y’2k t—n)t—N/2e—|m—y|2/4t

where k =0,...,j and n =1, ...,2j.
Also, for 0 < |z| <7 and 71 < 19 < |y|, we observe there is a constant
¢ such that '
lz—y/* <clz—y/¥ for k=0,..,j—1.
Likewise for 0 <t <1,
t<t ¥ for n=1,...,25 — 1.

We conclude from (5.20) that to establish the theorem, it is sufficient to
show
(5.21) lim |z —y[¥ t_2j(t_N/2e_‘x_y‘2/4t) du(y) =0
=0 JRN\B(0,ro)
uniformly for z € B(0,r;).
As in the proof of Theorem 5.2, we set § = (1 — %)2 and observe that
the integral in (5.21) is majorized by

(5.22) e [yl b1 gy
RN\B(0,r0)

uniformly for |z| <r; and 0 < ¢ < 1.

Also, as in the proof of Theorem 5.2, we see there is a constant c¢; such
that

/ du(y) < e RY™! for R>1.
B(0,R+1)\B(0,R)

Consequently, the expression in (5.22) is in turn majorized by a constant

(independent of ¢) multiple of
o

Z(I%z)2j+N/26—6p2/4t _’_0(1)7
p=2
for |x| <r; and 0 < ¢t <1, where the o(1) comes from the part dealing with
the integral over B(0,2)\B(0,79).
As in the proof of Theorem 5.2, it follows from the integral test for series
that the limit of this last summation is zero as ¢ — 0. Therefore, the limit



36 1. SUMMABILITY OF MULTIPLE FOURIER SERIES

of the expression in (5.22) is zero as ¢t — 0. But then the limit in (5.21) is
also zero uniformly for x € B(0,71). W

Exercises.
1. Using the identity in (3.6), prove that for ¢t > 0,

/ it (@)=t gy — (TyN/2~lo—ul /a2,
RN t

2. Given f € C (Ty), prove
%in(l) Wi(f,z) = f (x) uniformly for z € Ty,

where Wi(f, x) is defined by (5.6).

3. Using the stong maximum principle for the heat equation [Ev, p. 55],
solve the following periodic boundary-value problem: Given f € C (Ty)
with fTN fdx = 0, prove there exists a unique v (z,t) where z € RY and
t > 0 such that

(1) % (z,t) = Av(x,t) Yz € RN and Vt > 0,
(79) for t > 0, v (x,t) is periodic of period 27
in the z; — variable for j =1,..., N,
(797) limy 0o v (x,t) = 0  uniformly for z € T,
() limy_pv (x,t) = f(x) uniformly for z € Ty.

6. Further Results and Comments

1. There is another method of summability used by by A. Beurling called
absolute Abel summability. In particular, let f € L' (Ty), N > 2. Set

Faty= 3 Famyemeine
meAN

for t > 0. Say f is absolutely Abel summable at the point xg provided

|l
0

B (:E(],t)‘ dt < oo.
Let Z C Ty be closed in the torus topology. Say Z is of ordinary capacity
zero provided that

/ Ho (z — y) dp (z) dp (y) = oo
Ty JTy
for every p which is a nonnegative finite Borel measure on T with

p(Tn) =1and p(ITn\Z) =0

where Hy (x) is the function introduced in Lemma 1.4 of Chapter 3. Moti-
vated by the work of Beurling in [Beu], the following two results connecting
absolute Abel summability and ordinary capacity were established in [LS].
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Theorem A. Let Z C Ty be a closed set in the torus topology, N > 2,
and let f € L? (Ty). Suppose that

(@) > ml|Fm)

meAN
a7 (‘TOv t)

(i4) /0 1 =

Then Z is of ordinary capacity zero.

‘2

of dt = 400 VrxelZ

Theorem B. Let Z C Tn be a closed set in the torus topology, N > 2, and
suppose that Z is of ordinary capacity zero. Then there exists an f € L? (Ty)

-2
with Y eny |m|? ‘f(m)‘ < o0 such that

N
0

E (‘T07 t)

2. Arne Beurling, who was one of the leading analysts during the post
World War II period, served as a codebreaker for the Swedish government
during World War II itself. In a feat of the first order of magnitude, he single-
handedly in a two-week period broke the German code that was passing
over Swedish teephone cables going from Berlin to Norway. One can read all
about this plus a biography of Beurling in a book published by the American
Mathematical Society entitled “Codebreaker” by B. Beckman [Bec].

3. To establish Bochner’s ingeneous result at the critical index %
stated in (3.26), we proceed in the following manner: Set

(N-1)/2
j ( ) _ m-x 1— ’m‘2
R\T) = Z e R2 )

Im|<R
and establish the result stated in (3.26). It is sufficient to show

Jzg € TN\B (0,0) and {R;};2, with R; — oo
such that lim;_ .. g (zg) = oo.

dt =400 Vxe Z

(6.1)

To see that this is indeed the case, consider the Banach space B consisting
of all real-valued functions in L' (Ty) that vanish a.e. in B (0,§). Then

o (10 = @0 [ f () Why () da

f
TN
gives rise to a set of bounded linear functionals F; on B, i.e., Fj(f) =
ag_l)/z(f, 0). If the result stated in (3.26) is false, then sup;|Fj (f)| is
finite for all f € B. But then by the Banach-Seinhaus theorem, sup; || Fj|| is
finite. However,

IE5] = @2m)™  sup [Ug, ()]
z€Tn\B(00)
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So the finiteness of sup; ||F}|| is a contradiction to the statement in (6.1).
We conclude that to establish (3.26), it is sufficient to show that (6.1) holds.

Bochner shows that (6.1) holds via a sequence of lemmas that involve the
notion of a countable set S = {s1, s9, ...} having numbers that are linearly
independent with respect to integer coefficients (i.e., if {c1, ..., ¢, } is a set of
integers with ¢? +--- +c2 # 0, then > i=1¢jsj #0). To view the statement
and proof of these lemmas, we refer the reader to [Bocl, p. 193] or [Shl,
pp. H7-64].



CHAPTER 2

Conjugate Multiple Fourier Series

1. Introduction

In this chapter, we shall deal with conjugate multiple Fourier series where
the conjugacy is defined by means of Calderon-Zygmund kernels, which are
of spherical harmonic type.

Also, the results that we present in this chapter will take place in di-
mension N > 2. In order to place this theory in its proper perspective, we
shall first review some aspects of conjugate Fourier series in one dimension,
which is defined via the Hilbert transform and the kernel 1.

If g € L'(R), then the Hilbert transform of g, g, is defined as follows:

e—0

g(z) = lim 7~ /oo[g(:v —y) — g9(z +y)]/ydy.

Now this limit exists almost everywhere [Ti2, p. 132], and if, in addition,
g € LY(R)N L*(R), then

g(x) = —i(sgnx)g(x)
where sgn x =1if z >0, —1if £ <0, and 0 if z =0.
Even if g ¢ L'(R)N L?(R), we still obtain [Ti2, p. 147] that for a > 0,

R
lim —i (sgn y) g(y)e"™ (1 — g)O‘ =g(z) for a.e. x.
R—oo J_p R
To pass from Fourier integrals to Fourier series, we first see from [Zy1,

p. 73] that

(L1) 1 T 1+ f: g 1 1 | ; 49
. —COl — = — — or I ™.
2 2 €T T+ 2mn 21N

Next, we observe that if f € L'(T}), then f, the conjugate function of
f, is defined to be

12 Fw =tmet [ =9 e+ g eon Sy

It is well-known [Zy1, p. 131] that this limit exists almost everywhere, and
that if f € LP(T1),1 < p < oo, then

~ —~

f(n) = —i(sgn n)f(n).

39
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~

However, even if fgﬁ LY(Ty), we still obtain that % —i(sgn n)f(n)e™ is

Abel summable to f(x) for almost every z.
We note also that if the limit in (1.2) exists, then using (1.1), it can be
shown that
s R

lim [f(x—y)—f(a:—ky)]%cot%dy:lim lim [f(g;_y)_f(ﬁy)%dy,

e—=0 /. e—0R—oo /.

We shall proceed in an analogous manner to develop the theory of V-
dimensional conjugate Fourier series, N > 2. In particular, we focus on the
one-dimensional function

27t = (sgn z)|z|™" and sgn 14+ sgn —1 =0.

and generalize this function to N-space by means of the kernel

(1.3) K(z)=W(z/|z])|z|™Y  forz#0,
where
(1.4) W(z/|z[) = Qn(x)/ |2|".

Here, @, () is a homogeneous real polynomial of degree n, n > 1, and is also
a harmonic function, i.e., AQ,(z) =0 V¥ z € RM. In other words, Q,(z) is
a spherical harmonic function of degree n as is discussed in §3 of Appendix
A.

With Sy_1 = dB(0, 1), the unit (N — 1)-sphere in R, we observe that

(1.5) W(¢) dS(€) =0,
Sn-1
where dS(&) is the natural volume element on Sy_;.

To see how the equality in (1.5) actually occurs, we set x = r§ where
€ € Sy—1, and we see from the homogeneity of @,, that Q, (1) = r"Qn(§).
Using this fact in conjunction with the familiar divergence theorem and the
observation that div - VQ,(x) = 0 gives the equality in (1.5).

K (z) in (1.3) is a generalization of the Hilbert kernel ! in one dimen-
sion and is called a Calderon-Zygmund kernel of spherical harmonic type.
This generalization persists in the sense that if g(z) € LP(RY), 1 < p < oo,
then g(x) is defined to be the Calderon-Zygmund transform of g where

(1.6) g(z) = lim 9(z — y)K(y)dy.
=0 JRN\B(0,¢)

It is shown in [CZ1] or [SW, Chapter VI| that this limit exists almost
everywhere. We shall state this fact as Theorem A.

Theorem A. If g LP(RN), 1 < p < oo, then §(z), which is defined by
(1.6), exists almost everywhere in RN,
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For Theorem B, which is also proved in [CZ1] or [SW, Chapter VI], we
state the following;:

Theorem B. If g LP(RY), 1 < p < oo, then g € LP(RY). Also, 3 A, > 0
independent of g such that

(1.7) 191l Lo~y < Ap 91l o mv)-

It is our intention here to show that theorems similar to Theorems A
and B hold for every function f € LP(Tx), N > 2, where

Iy={z:—n<zj<m j=1,..,N}

In order to do this, we introduce K*(x), the periodic analogue of K(z), as
follows:

(1.8) K*(z) = K(z) + ngn Z [K(z + 27mm) — K(2mm)]
1<|m|<R

for  not equal to 27 times an integral lattice point, i.e.,  # 2mm, where
K(x) is defined by (1.3) and meets (1.4) and (1.5). Since

Qn(x +2mm)  Qn(2mm) _ Qn(z + 2mm) — Qn(27m)
|z + 2em["™N [ 2am|v T |z + 2em[" TN
1 1
+Qn(2mm — )
n )[|:17 + 2am|" TN |27Tm|"+N]

it is easy to see from this last equality, since @, (z) is a homogeneous poly-
nomial of degree n, that for z € B(0, Ry), where Ry > 10, there is a constant
¢(Ryp) such that
R
(1.9) |K (z + 2mm) — K(2mm)| < ’C(‘%B\, for |m| > 2Ry.
m

It follows from this last inequality that the series in (1.8) converges uniformly
and absolutely for x in any bounded domain.

Next, let mg be any fixed integral lattice point. What we want to show
is that K*(x 4 2mmg) = K*(z) for zeTn\{0}. To see that this is indeed the
case, we observe from (1.8), for x € Tny\{0},

|K*(z + 2mmg) — K*(z)] <
(1.10)  HMR—oo DR jme|<jmi<r i K (@ + 2mmo + 27m) — K (2mm)| +

|K (z + 2mm) — K (2mm)|}.

However, the closure of Ty is contained in the ball B(0, N7). So we infer
from (1.9) that the absolute value inside the summation sign in (1.10) is



42 2. CONJUGATE MULTIPLE FOURIER SERIES

majorized by
(1.11) 2¢(NT + 2 |mgl) |m|~ VD

for x € Ty and for R sufficiently large. With A(R,mg) designating the
spherical annulus at the bottom of the summation sign in (1.10), it follows
that for m € A(R, mg) and for R sufficiently large, the expression in (1.11)
is in turn majorized by

2¢(N7 + 27 [mg|) (R — \mo\)i(NH).

As is well-known, the number of integral lattice points in A(R,mg) =
O(RN=1) as R — co. Consequently, we see that the right-hand side of the
inequality in (1.10) is majorized by

Jim {O(RN)2e(N 7w + 2 [mo| ) (R — |mol) "}

Hence, K*(x + 2mmg) = K*(z) for x € Ty \{0}, and we conclude K*(x)
is a periodic function and is the N-dimensional analogue of the series in
(1.1) that is equal to 2 cot Z.

K*(x) is called a periodic Calderon-Zygmund kernel of spherical har-
monic type.

For feL'(Ty), we define

=0.

e—0

(1.12) F(a) = tim(2m) Y /T o, TV Gy

at every point where this limit exists. This limit is the N-dimensional ana-
logue of the limit in (1.2), and as we shall show, exists almost everywhere.

f(z) is called the periodic Calderon-Zygmund transform of spherical har-
monic type.
Using the ideas in [CZ2], we shall next establish the following two theo-

rems regarding f(z).

Theorem 1.1. If f€ LY(Ty), then f(x), which is defined by the limit in
(1.12), exists almost everywhere in Ty.

Theorem 1.2. Iffe LP(Ty), 1 < p < oo, then f € LP(Ty). Also, 3C, >0
and independent of f, such that

(1.13) Hﬂ’Ll’(TN) < C; Hf”LP(TN)‘

Proof of Theorem 1.1. We set
(1.14) By ={z = (z1,...,2n) : |z;| <21 for j=1,..,N},
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and
g(x) = f(x) for zeBy
=0 for zeRN\By.
Also, we set

Ki(z) = lim Z [K(z +2mm) — K(2mm)] for xeTy,
=00 mi<r
and observe from (1.3) and (1.9) that there exists Cx > 0 such that
(1.15)  |Kj(x)] < Cx for zeTy and |K(z)| < Cx for zeRN\Ty.
It follows from the above that geL'(R™) and that
e [ e K= [ gl K Gy
Tn\B(0,e) Tn\B(0,e)

for zeTy and 0 < € < 1. Since K*(z) = K(z) + K (z), we see from (1.15)
that the right-hand side of the equality in (1.16) is equal to

/ 9(z —y) K (y)dy + / g(r — y) K7 (y)dy
RN\B(0,¢)

Tn\B(0,¢)
- / gz — ) K (y)dy.
RN\Tyn

Hence, it follows from (1.6), (1.12), and Theorem A that f(x) exists
almost everywhere in T and that

(117) fla) = () + / o — y) K (y)dy - / g — y)K(y)dy

Ty RN\Ty
for a.e. x € Ty. This gives the conclusion to the proof of Theorem 1.1. N

Proof of Theorem 1.2. We use the terminology and notation just devel-
oped in the proof of Theorem 1.1, and observe from the definition of By
given in (1.14) that there is a constant v, independent of f such that

(1.18) /B Wl dy < ynp 1oy

Also, since g € LP(RY), where ¢ is defined below (1.14), it follows from
Theorem B that

(1.18") /RN Fa)P dx < AP /RN g(@)|? dr = 2V AP /TN ()P da,

where we also have made use of the fact that f is a periodic function.
Likewise, we see from (1.15) and (1.17) above that

7@ <l +2Cx [ lotwldy

RN
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for a.e. x € Tx. But then from the definition of g, (1.14), and (1.18), we
obtain from this last inequality that

F| <t 20k [ 1l

< 5@+ 270, Cr 1 Loy

IN

N

for a.e. z € Th.
Applying Minkowski’s theorem, in turn, to this last inequality and also
using (1.18") above, we conclude that

IN

([ |Fal et < ( Bapde + 20,005 Cc il
Ty TN

IN

N N
27 Ay HfHLP(TN) + 27N, (2m) ? Ck HfHLP(TN)'

This proves Theorem 1.2 where Cj; = 2%Ap + 2’yN,p(27r)%CK. |

Next, we define the principal-valued Fourier coefficient of K*(x) to be

(1.19) lim (27) N / e~ K (g)dr = K*(m),
e=0 Tn\B(0,¢)
and see from (1.8) and the first inequality in (1.15) that
(1.20) (27T)NI?\*(m) = lim e K (z)dx +/ e MK () da.
=0 JTN\B(0e) Tn

For m = 0, it is clear from (1.4) and (1.15) that the limit in (1.20) exists.
If m # 0, we observe there exists a constant (m) such that

‘e‘im“ —1| <~(m)|z| for zeTw.

So we see from (1.3) and (1.5) that the limit in (1.20) does indeed exist. In

any case, K*(m) is well-defined for all integral lattice points m.
Observing that fTN e " Tdx = 0 for m # 0, and that

B(0,2r(R—N)\Ix € | (Tw +2mm)
1<|m|<R
and
U (@w+27m) c B(0,2n(R+ N))\Ty,
1<|m|<R

we infer furthermore from (1.3), (1.20), and the definition of K (x) that

(1.21) K*(m) = lim lim (27)~N

/ e MK (x)dx  for m # 0.
e—0 R—oo B(0,R)\B(0,¢)
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If m = 0, proceeding in a similar manner, the previous argument shows
that
K*(0)=— lim > K(2rm).

R—o0
1<|m|<R

For N = 1,1/(\*(0) =0, for N > 2, I/(\*(O) may or may not be zero, [CZ2, p.

258]. However, in a number of important cases, it is true that K*(0) = 0,
e.g., for N =2 and

K(z) = miza/ |z|' or K(z) = (af —23)/|al" or K(z) = x1/]a]”

This last named kernel is often referred to as the Riesz kernel.

From Theorem 1.2, we know that if f € LP(Ty), 1 < p < oo, then
f € LP(Ty). So making use of I/(\*(m) as defined in (1.19), we can establish
the following theorem:

—

Theorem 1.3. If fe LP(Ty),1 < p < oo, then f(m) = K*(m)f(m)
VYm € Ay.

Proof of Theorem 1.3. If h(x) = ™%, then from (1.12) we see that

h(z) = eme lim(27r)_N/ e_im'yK*(y)dy
Tn\B(0,¢)

e—0
= MTK*(m).

Hence, from (1.19), we see that the theorem is true in this case. Conse-
quently, the theorem is true for any finite linear combination of exponentials,
i.e., for any trigonometric polynomial.

Given an f& LP(Ty), let o9(f,2) be the finite linear combinations of
exponentials given in (2.6) of Chapter 1. Also, let my € Ay. By what we
have just shown,

(1.22) lim (27)~N / im0 FO(f 1\ = K (mo) F(mo).
n—oo TN

Also, by Theorem 1.2,
—imo-z[=0rp N _ 1] aO(F. ) —

I e TR Yo [ (VDR

From Theorem 2.2 of Chapter 1, we know that the right-hand side of the
inequality in (1.23) goes to zero as n — oo. Therefore, the left-hand side of
the inequality also goes to zero. But then it follows that the limit in (1.22)
is equal to
lim (277)_N/ e~imoT £( ) da,

Tn

n—oo
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~

and we obtain from (1.22) that f(mg) = I/(\*(mo) (mg). This concludes the
proof of Theorem 1.3. W

We shall henceforth refer to
(1.24) Sk = 3 K (m)fm)eme
meAN

as the K-conjugate series of f, where K is given by (1.3).

Before proceeding to the next segﬂion in this chapter, we remark that
with K (x) given by (1.3) and (1.4), K*(m) is computed in Corollary 3.2 of
Appendix A where it is shown that

(1.25) I/(\*(m) = KpNQn(m)/|m|"  for m # 0,
with
(1.26) KN = (—z‘)"z—NW—%r(g)[r(”J;N)]—l.

Also, we establish the following corollary.

~

Corollary 1.4. If f€ L (Tv), f(0) =0, and f(xo) exists, then

lim lim(27r)_N/ f(zo —y)K(y)dy = f(x0).
B(0,R)\B(0,¢)

R—o0e—0

Proof of Corollary 1.4. Without loss in generality, we assume that zg = 0.
Then by (1.12) and (1.15), we have that

(127)  (2m)Nf(0) = lim FEE @y + | Fy) K @)dy.
e~V JTN\B(0,¢) Tn

Using the fact that f(O) = 0, we see from the definition of K7 (y) that

F=9) K (y)dy = Jim > K(y + 2mm).

T *1<|m|<R TN

But f is a periodic function. So, we conclude from this last limit and (1.27)
that to establish the corollary, it is sufficient to show

Jim | > / f(=y) K (y)dy — / f(=y)K(y)dy] = 0.
0 lg\m\SR TN+2mm B(O,QW(R+N))\TN
To do this, we set
1<Im|<R

and observe that this last limit can be rewritten as

28 Jim [ fnK@d- F-0)K (y)dy] =

/B(0,27r(R+N))\TN
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As we have observed previously in establishing the limit in (1.21),
B(0,2nr(R— N))\Tny C Tr C B(0,2n(R+ N))\Tn.
So we see that that the limit in (1.28) will hold if we show that

(120)  Jim F(—y)K (y)|dy = 0.
—00 J B(0,2n(R+N))\B(0,27(R—N))

But the number of integral lattice points contained in the spherical an-
nulus B(0,27(R+ N))\B(0,27(R— N)) is O(RN~1), and for y in this same
annulus, | K (y)| = O(R™Y). Hence,

/ H)K )| dy < ORY ) [ fll ) OR™)
B(0,27(R+N))\B(0,27 (R—N))

as R — oo, and the limit in (1.29) is indeed valid. This concludes the proof
of Corollary 1.4. N

Exercises.
1. Given that W(x/|z]) = Qn(x)/|z|" for x # 0 where Q,(z) is a
spherical harmonic polynomial of degree n, prove that

W(g) dS(£) =0,
SN-1
where dS(&) is the natural volume element on Sy_1.
2. Let @, () be a spherical harmonic polynomial of degree 2 in dimen-
sion N = 3. Show that if z € B (0, Ry), where Ry > 10, then there exists
¢(Rp) > 0 such that

Qn(z + 27m) — Qn(27m) ' . c(Ro)

n+N TN for |m| > 2Ry,

|x 4 27m)| |m|

where m € Ay.

3. Let {Qjn (x)}f:1 be a set of spherical harmonic polynomials of degree
n. Say the set of functions is linear independent if a; € R for j = 1,...,k
and

k
Zan]—,n(m) =0 for |z|=1=a;=0forj=1,.. k.
j=1

Show that in dimension N = 3, there are five linearly independent spherical
harmonic polynomials of degree 2.

4. Prove that if K (z) = Q, (z) /|z|"™ for z # 0 where Q, (z)is a
spherical harmonic polynomial of degree n, then for m € Ay ,

lim e "™ K (z)dx exists and is finite.
e=0JTN\B(0se)
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5. Given that Theorem 1.3 is true for a finite linear combination of
exponentials, prove that

~

lim (27)~™ /T =m0 GO(f 2)dx = K (mo) F(mo)

n—oo

where o@(f,z) is given by (2.6) of Chapter 1.

2. Abel Summability of Conjugate Series

In this section, we shall prove a theorem regarding the Abel summability
of conjugate multiple Fourier series. In particular, when K (x) is a Calderon
-Zygmund kernel of spherical harmonic type (i.e., K (x) meets the conditions
in (1.3), (1.4), and (1.5)) and K*(z) is its periodic analogue defined in (1.8),
we set

(2.1) Sk(f) = K*(m)f(m)e"™*
meAN

where f € L'(Ty) and I/(\*(m) is the principal-valued Fourier coefficient of
K*(z). Also, I/(\*(m), for m # 0, takes the value given in (1.25) and (1.26).
(See Corollary 3.2 of Appendix A.)

The theorem, [Sh9, p. 44|, which we prove regarding the series in (2.1),
and the function f € L'(Ty), which by assumption is also periodic of period
27 in each variable, is the following.

Theorem 2.1. Let f € L' (Tx) and S(f) = Y meAy f(m)eim'x be its
Fourier series. Furthermore, let K(z) be a Calderon-Zygmund kernel of

spherical harmonic type that meets the conditions in (1.3), (1.4), and (1.5).
Set

(22) Alfow) = Y fm)E*(mememi,
1<|m|<o0
Then if x is in the Lebesque set of f, i.e.,
(23) fim ™ [ pat )= f@)ldy =0,
B(0,r)

r—0

the following limit obtains
@) Ao - fim 20 [ F(o - K (y)dy] = 0.
t—0 R—oo B(0,R)\B(0,t)

Before proving the theorem, we observe that ﬁt( f,x) above only involves

f(m) for m # 0. Also, fB(O R)—B(0,1) K (y)dy = 0. Consequently, with no loss

in generality, we can assume that f(0) = 0. But in this case, we see from
(1.12), (1.15), and Corollary 1.4 that if perchance the limit involving the
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integral in (2.4) does exist (separately) as R — oo and ¢t — 0 and is finite,

then this limit actually is f(z).
Next, we use (2.4) from Appendix A and set

L(n/2) ® ,
2N/2P[<N+n>/z]/o e n(s)s " ds,

for ¢ > 0 where v = (N — 2)/2. Also, with
K (z) = Ya(z/|a]) [« for x #0,

(25) AU =

we set
(2.6) Ky i(w) = A (t/ )Y (2/ |2]) o]~

and establish the following lemma.

Lemma 2.2. Let S(z) be the trigonometric polynomial ;<\, <g, b ™,
i.e., S(T)=)cny bm €™ where by, = 0 for m =0 and for |m| > R;. For
t>0, set

(2.7) Ay(S,z) = Z by O (m)eime=mlt
1<|m|<Ry
Then
(2.8) Ay(S,2) = 2m)N lim K, (y)S(z — y)dy.
R—o0 JB(0,R)

Proof of Lemma 2.2. Since S(x) is a finite linear combination of expo-
nentials, it is clear using (1.21) above (i.e., K (m) = I/(\*(m) for m # 0) that
to establish the lemma, it is sufficient to show
I?(u)ei“'x_‘““ = (27)™N lim K,,vt(y)ei“'xe_"“'ydy
R—oo JB(0,R)
for u # 0. In other words, to establish the lemma, it is sufficient to show

K(u)e™ """ = (2r)™" lim (—1)" K, o (y)e™¥dy,
R—o0 JB(0,R)

or to replace v with x so that

(29)  K@e ™= @m) N (=1)" lim Ky i(y)e™Vdy
R—0c0 JB(0,R)
for z # 0.
In order to show that (2.9) is valid, we set
(2.10) g(z) = K (z)e It

and see from Theorem 3.1 in Appendix A that
K(2) = kin,nQn() 2| " = kn N Ya(€)
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where z = r¢. So it is clear from (2.10) that g € L'(R") for ¢ > 0.
With y=|y|n where n € Sy_1, we next show that

(2.11) 9ly) = 2m) N (1) Kyu(y)
by means of a computation where v = (N — 2)/2. In this computation,
I(y,t) = K (z)e l#lte=iy gy
RN
So by definition,
9(y) = (2m) "V I(y,1).

We will also make use of (2.5) and (2.6) above and (3.21”), and (3.28) in
Appendix A.

I(y,t) = /RN Fon NQn () || " eI lte =Y gy
= /{n,N/ e_”rN_l/ Yn(ﬁ)e_"‘y|§'"d5(£)dr
0 Sn-1

[
J,
— ’fn,N/ e_rtT‘N_l(—i)n2y+17Ty+1 V+n(|yLr)Yn(’l’})dT‘
0 (lylm)

= K(y)(—i)"/{n’N(Qﬂ-)Nﬂ/ e_rt/IyIJy+n(T)7“V+1dr
0

= K(y)(=1)"knn2N7VPT(N + 1) /2) A% (t/ ly])/T(n)/2)
= KA,/ ly))(-1)"
= (=1)"Ky(y),

which establishes the equality in (2.11).
From Lemma 3.2 in Chapter 1 and (2.10) and (2.11) above, we see that

(212) (2m)N(=1)" lim K1 (y)(A—=|y|* JR?)*e™Vdy = K (z)e” ol
R—oco JB(0,R)
for a > (N —1)/2, which is almost (2.9), which we sought as a result. What
we have to do is eliminate the factor (1 — |y|* /R2)®.
With y = snp and x = r{ where 1, € Sy_1 and (2.6), we obtain

Kyaly) = 450 Yal)s™
We set
(2.13) h(s) = A%(L)s71 / Yo ()™ (1),
S Sn-1

and see that the limit in (2.12) can be rewritten as

R 2

(2.14) (271')—N(_1)n RIEEO i h(s)(1 — %)ads :I?($)e_|x‘t.
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Making use of the identification of h(s) given in (2.13), we infer from
(2.7) in Appendix A that h(s) € L'(0, R), VR > 0. Hence, if we show that

(2.15) lim K, (y)e™¥dy exists and is finite,
R—00 JB(0,R)\B(0,1)
where z # 0 and ¢ > 0, then it will follow that
R

lim h(s)ds exists and is finite.
R—oo J

Consequently, we obtain Theorem 1.1 in Appendix B and from (2.14) above

that
R

(271-)—N(_1)n ngnoo i h(s)ds _ j{*(w)e—mt

for  # 0 and ¢t > 0. But, we see from (2.13) that this last limit is the same
as the limit in (2.9), and the proof of the lemma will then be complete.

So it remains to show that the statement in (2.15) is true. To accomplish
this, we first observe from both (3.13) and Theorem 3.1 in Appendix A that

lim K(y)e®¥dy exists and is finite.
R—o0 /B(0,R)\B(0,1)

Consequently, to show that the statement in (2.15) is valid, as we see
from (2.6), it is sufficient to show the following:

(2.16) lim [AZ(t]) |y]) — 1] K (y)e™Ydy exists and is finite,
R—00 JB(0,R)\B(0,1)
for z # 0 and t > 0. But, by Theorem 2.1 in Appendix A,

At/ 1y) — 1] < cwmﬁ

)2 for 2t < Jy| < .

Since N
|[K(y)| <clyl|™" for [y|=>1,

where c¢ is a positive constant, it is clear that that the statement in (2.16)
is indeed valid, and the proof of the lemma is complete. W

Continuing with the preliminaries involved in the proof of Theorem 2.1,
we next establish the following lemma.

Lemma 2.3. Let f € LY (Ty) and S(f) = Y meAy f(m)eim'x be its Fourier
series. For t>0, set

Afoo)= Y Fm)K*(m)ema=imit,
1<|m|<o0
Then

(217)  A(f) = (2m) 7" lim Ko i(y) f(x = y)dy,
— JB(0,R)
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where K, +(y) is defined in (2.6).

Proof of Lemma 2.3. Since A;(f, ) does not make use of f(0) and since

/ K,(y)dy=0 for R >0,
B(0,R)

without loss in generality, we can assume from the start that
(2.18) flo)=o.
Next, we set

(219) Ky (2) = Kyy(o) + lim > [Eyu(a+ 2mm) — K, y(2mm))]
1<Im|<R

for x € Tx, and observe from (2.6) above and from (2.7) in Appendix A
that K, ¢(x) is bounded in Tx\{0}. We write K, ;(z +27mm) — K, ;(2mm) as

A (—L )~ Ay

o 2mm] ) K (x + 2mm)

t
|27m|

+ AV (——

Sl )IK (2 + 2mm) — K(2mm)],

and make use of (2.8) in Appendix A as well as Theorem 2.1 in the Appendix
A. By means of the same type of argument used to show that the series
n (1.8) defining K*(z) is uniformly and absolutely convergent for x in a
bounded domain, we obtain that the series defining K ,(z) in (2.19) is
uniformly and absolutely convergent for x in a bounded domain.

Hence, the series in (2.19) is uniformly convergent for = € Ty. Also,
from (2.18) above,

flz —y)K,(2rm)dy =0  for m # 0.
Tn
Consequently, we see that

(2.20) . flx—y) K, (y)dy = hm Z f (x —y) Ky (y + 2mm)dy.
N | <R

Using the same argument that we used in the proof of Corollary 1.4
above, we observe that the limit on the right-hand side of the equality in
(2.20) is the same as

Jim Ky i(y) f(z — y)dy.
— JB(0,R)
Therefore, we have that
(2.21) f@—y)KJ(y)dy = lim Ky i(y) f(z = y)dy,
Twn R—oo JB(0,R)
for x € Ty.
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To complete the proof of this lemma, we set S7(x) = 0;)( f,x), which is
the trigonometric polynomial defined in (2.6) of Chapter 1. From what we
have just shown in (2.21)

/ S (@ —y) Ky (y)dy = lim Ky u(y)S (x — y)dy,
Ty R—o0 /B(0,R)
for © € Tx. Therefore, from (2.8) in Lemma 2.2, we obtain
(2.22) A, @) = 2m) N [ Sz - y) K (y)dy.
TN
for x € Ty.

Now, from the fact that S7(z) = J;}(f,a;) and from Theorem 2.2 in
Chapter 1, it follows that

(2.23) lim [ [S9(f,2) — f(z)|dz = 0.
J=o0 JTy
Let us write
(2:24) A2y = D SIm)KF(m)emeii,
1<|m|<oc0

From (2.23) and Corollary 3.2 in Appendix A, we obtain that

3 C > 0 such that ‘@(m)l/(\*(m)‘ < C for m € Ay and Vj.

Also, from (2.23), limj_,« @(m) = f(m) for every m € Ay. Since for
fixed t >0, 32, cny Ce™Imt < 00, we conclude from (2.24) that

(2.25) lim Ay(S7,z) = Ay(f,z) for z € T.
j—00
On the other hand, as we have observed, K ;(y) is bounded in Ty \{0}.
Hence, we obtain from (2.23) that

(2.26) lim [ Sz —y)K; (y)dy = | flz—y)K;,(y)dy,
)= )TNy TN

for x € Ty. Statement (2.17) in the lemma now follows immediately from

(2.22), (2.25), and (2.26), and the proof of the lemma is complete. W

Proof of Theorem 2.1. With no loss in generality, we can suppose from
the start that the z that occurs in the statement of the theorem is equal to 0.
Likewise without loss in generality, we can assume f(0) = 0. So assumption
(2.3) of the theorem is replaced with the assumption that

(2.27) lim t—N/ |f(y)| dy = 0.
=0 B(0,t)
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Consequently, we see that the proof of the theorem will be complete
when we succeed in showing that

@28) A0 - fim 20N [ F(~) K (y)dy) = 0.
t—0 R—o0 B(0,R)\B(0,t)
To validate the limit in (2.28), we first show that
(2:29) lim F(=y)Kp 1 (y)dy = 0.
t—0 B(0,t)

To accomplish this, we observe from (2.6) above and from (2.7) in Ap-
pendix A that

3 C > 0 such that |K,(y)| < Ct™™ fort>0 and y # 0.

Hence,

/ F=0) Ky y(w)dy| < 1N / (=)l dy,
B(0,t) B(0,t)

and we conclude from the limit in (2.27) that the limit in (2.29) is indeed
true.

From the equality in (2.17) of Lemma 2.3 when z = 0 joined with the
limit in (2.29), we see that

lim(A;(£,0) — lim (2m)~N / F(—y) Ky (y)dy] = 0.
t—0 R—o0 B(0,R)\B(0,¢)

Therefore, (2.28) will be established if we show

(2.30)
lim lim | Feg) Ko i)y — / F—y) K (y)dy] = 0.
t—0 R—o0"JB(0,R)\ B(0,t) B(0,R)\B(0,t)

Using (2.6) above, we see that the limit in (2.30) is the same as the
following:

(2.31) lim lim F(=y)[AL(t/ |y]) = 1K (y)dy = 0.
t—0 R—co /B(0,R)\B(0,t)

So the proof of the theorem will be complete if we show that the limit
in (2.31) is valid. In order to do this, let € > 0 be given. (2.27) enables us
to choose § > 0, so that

(2.32) / If(—y)|dy < et for 0 <t <é.
B(0,1)

Next, we see from (2.9) in Appendix A, that

o mson /(0L y]) — 1K (y)dy
(2.33)
< CHN I [0 oo | (0K W) |y 72 dy

where C*(N,n) is a positive constant depending only on N and n.
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Now,
3 Ck > 0 such that |K(y)| < Ck |y|™ for y # 0,

where Ci is a constant depending only on K. Therefore, we can majorize
the integral on the right-hand side of the inequality in (2.33) and obtain
(2.34)

1 _1
t2 fB(o,R)\B(o,t) |f(=y)K(y)| ly| "2 dy

1 —(N+1
< Ckt? [po,rpsoy [0 1Y] NF2) gy,
From (3.26) in Chapter 1, we see that

/ Fu)ldy = O(RY) as R ox.
B(0,R)\B(0,R—-1)

From this fact, it is easy to obtain that

Jim =)y~ V2 dy < oo,
R—co JB(0,R)\B(0,5)

where § is given in (2.32). Consequently,

(2.35) lim lim t%/ 1F (=) ly|~ N2 dy = .
B(0,R)\B(0,5)

t—0 R—oo

Next, we set

(2.36) 1(6,1) = / ) [y~ VD gy,
B(0,6)\B(0,t)

and

$) = S [0 dy

= 3P gy 1) dS ).
Now from (2.36) and (2.37), we see that

4
10,8) = / N HD gp(s)
t

(2.37)

_(N+1 g 1 J —(N+3
= s +2)F(s)‘t+(N+§)/ s~V F(s)ds.
t
Also, from (2.32), we have that
0< F(s) <es™ for t<s<9.

Consequently, we obtain from this last computation that

1 4
t21(5,8) < 25+(N+§)6t%/ 344
t
(2N + 3)e.

IN
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We conclude from (2.36) and this last inequality that

(2.38) i ¢ ) [y~ dy < N + 3)e.
(0,6)\B(0,t)

t—0
Combining the limits in (2.35) and (2.38), we see that

lim lim t%

/ Pl dy < N + 3)e
t=0R—co  JB(0,R)\B(0,t)

As a consequence of this last result, we see from the inequalities in (2.33)
and (2.34) that

limt—>0 hmR—>oo ‘fB(O,R)\B(O,t) f(_y)[Alrlz(t/ ’y’) - 1]K(y)dy‘

< C*(N,n)Ck (2N + 3)e.

But € is an arbitrary positive number. Hence,

lim lim =0.

t—0 R—oo

/ F=0)IA%(t] y]) — 1K (y)dy
B(0,R)\B(0,%)

This limit validates the equality in (2.31) and completes the proof of the
theorem. H

Exercises.
1. With AY(t) defined by (2.5), use Theorem 2.1 in Appendix A to prove
that
Z [AY (z + 2mm) — A7 (2mm)]
1<|m|<R

is uniformly and absolutely convergent for x in a bounded domain as R — oc.
2. Given f € L' (T), prove that

f( VK (y)dy = hm Z K, (y + 2mm)dy
| <R
where K, ;(y+27m) and K ,(y) are defined by (2.6) and (2.19), respectively.

3. Spherical Convergence of Conjugate Series

In this section, we shall prove two theorems regarding the spherical con-
vergence of the series

Sk(f)= Y K*(m)f(m)e™
meAn\{0}

where I/(\*(m) is described in (1.25) above. The first theorem we shall prove
is the following:
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Theorem 3.1. Suppose f € L'(Ty), and K is a Calderon-Zygmund kernel
of spherical harmonic type that meets the conditions in (1.3), (1.4), and
(1.5). Suppose also that

~

(3.1) lim Z .f/(\’*(m)f(m)eim'xo = q,

where « is a finite real number. Then

(3.2) lim lim (27T)_N/ flzo — 2)K(x)dx = a.
B(0,R)\B(0,¢)

e—0 R—oo

Proof of Theorem 3.1. Before actually starting the proof of this theorem,
we observe that if xy is in the Lebesgue set of f, then there is nothing to
prove because the theorem is then an immediate corollary of Theorem 2.1
above joined with Theorem 1.2 in Appendix B.

In order to prove the theorem, we observe that W/i:chout loss in generality,
we can assume from the start that o = 0 and that f(0) = 0. Also, since the
theorem is true for trigonometric polynomials (i.e., in this case, every point
is in the Lebesgue set), we can also take o = 0. So in view of (1.25), (3.1)
becomes

(3.3) lim > Qul

R—o0
1< m|<R

where K(z) = Qn(z)/ |z| Y+ and n > 1.
What we have to show is that the limit in (3.3) implies that

) fm) =0,

m|

(3.4) lim lim (27)~

/ f(—x)K(z)dz = 0.
e—0 R—oo B(0,R)\B(0,¢)

In order to do this, we set

(3.5) Yo (1) = / )/

where Jy, 4, (r) is the familiar Bessel function of the first kind of order v +n
and v = (N — 2)/2.
For R > 0, we set

(3.6) S(R)= > Qul

0<|m|<R

) Fm),

|m|

and observe that for R > 1,

S Q) Fm) X (] ) /0 Yo (PE)dS(r)

1<|m|<R [ml

=y

R
= t_V/ S(r) Ty (rt)r =Dy
1
+ S(R) 0 (RY).
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From the estimates (2.1) and (2.2) in Appendix A, it is clear that x,, , ()
is bounded on (0, 00). So it follows from (3.3), (3.6), and this last computa-
tion that for ¢ > 0,

~

hmR—>oo Zl<|m|<R Qn(%) ( )Xn,u(|m| t)

(3.7)
=t [7°5(r) Jygn( (rt)r= D dy.
Next, we set for s > 0,
(3.8) flz,s) = Z Flm)emeelmls,
meAN

It follows from Theorem 4.3 in Chapter 1 that

(3.9) lim |f(z,s) — f(x)] =0 for 0 <e < R < 0.
50/ B(0,R)\B(0,¢)

From Appendix A (3.13) and two lines below (3.21"), we see with y = m

that
/ e MK (2)dx
B(0,R)—B(0,¢)

m R Jun(lylr)
= (iyteg ) [ R g,
iml”Je  (lylr)”
\n m
= (=) (2W)N/2QN(W)[Xn7V(’m’E)_Xn,l/(’m’R)]‘
Observing that the series in (3.8) is absolutely convergent, we obtain

from this last computation that
(3.10)

(2m)~N/2 fB(QR)\B(O,a) f(=x,s)K(x)dx

= (=" Cmeny S M)Qu(E)e™ ™ [y, (Iml &) = xp (Im] R)].

Next, we set

(3.11) g(t)= lim > Qn(%f(m)xn,y(lmlt),

R—o00
1<|m|<R

and observe from (3.7) that g(t) is well-defined and finite for ¢ > 0. Passing
to the limit as s — 0 in (3.10), we obtain from (3.9) and (3.11) that

(312)  (2m) N2 / gy [ @ = 0(0) — ()

Now from (3.7), (3.11), and the fact that S(R) — 0 as R — oo, we have

l9(t)] < ct=("t2) for t > 0,
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where ¢ is a constant. We conclude from (3.12) and this last inequality that

lim (277)_N/2/ f(—2)K(z)dzx = g(e).
B(0,R)\B(0,¢)

R—o00

It follows from (3.7), (3.11), and this last equality that the double limit
in (3.4) will be valid if we show

(3.13) PH(?; t_”/ S(r)ygn (rt)r~ ¥ dr = 0.
- 1
To establish the limit in (3.13), we recall that
S(r)=o(1) as r — oc.
Next, we note from the inequality in (2.1) of Appendix A, since n > 1, that
| Jyin(s)] < es”Th for 0<s <1,

where c¢ is a constant. Consequently,

1/t
v S(r) Ty (rt)r =Dy
1

(3.14) < t/ll/t o(1)dr = o(1),

ast — 0.
Also, from (2.2) in Appendix A, we obtain that

tv S(T)J,,+n(rt)r_(”+1)dr
1/t

<) [ oy
1/t

Hence,
lim =0.

lim v S(T)J,,Jrn(rt)r_("ﬂ)dr

1/t

We conclude from (3.14) and this last limit that the limit in (3.13) is
indeed valid. Consequently, the double limit in (3.4) holds, and the proof of
the theorem is complete. W

Next, we establish a necessary and sufficient condition for the conver-
gence of the conjugate Fourier series at xg given that the following Tauberian
condition prevails:

(3.15)  f(m)K*(m)e™ 0 + f(—m)K*(~m)e” ™70 > A/ |m|N |

Vm # 0, where A is a positive constant.
In particular, motivated by Hardy and Littlewood [HL], we show that
the following theorem [Sh7] is valid.

Theorem 3.2.  Suppose f € L'(Ty), and K is a Calderon-Zygmund
kernel of spherical harmonic type that meets the conditions in (1.3), (1.4),
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and (1.5). Suppose also that the condition (3.15) holds at the point xo. Then
a necessary and sufficient conditon that

: To* N imxo _
(3.16) RIE}(I)O Z K*(m)f(m)e = q,
1< Im|<R

where « is a finite real number is that

e—0 R—o0

(3.17) lim lim (27T)_N/ flzo — 2)K(x)dx = a.
B(0,R)\B(0,¢)

The necessary condition of the above theorem is an immediate corollary
of Theorem 3.1. Hence, we need only establish the sufficient condition of the
above theorem. In order to do this, we will first need the following Tauberian
lemma.

Lemma 3.3. Suppose that for m# 0, ap, is real-valued and that ap, =
O(|m}’) as |m| — oo for some nonnegative integer j. Suppose, furthermore,
that there exists a positive constant A such that an, > —A/|m|[~Y VYm # 0.

For t > 0, set
I(t) = Z ame” ™I,
1<|m)|

and suppose also that lim;—oI(t) = o, where a is finite-valued. Then
lim = a.
Lim. Y am=a
1<|m|<R

Proof of Lemma 3.3. To establish this lemma with no loss in generality,
we can assume from the start that A = 1. Consequently, on observing that

d?I(t) _
L= S b aet
1<|m|

we obtain the following:

(2) I(t) is in C*°(0, 00);
(3.18) (1) limi—oI(t) = o

(idd) d2I(t)/dt* > =3 e/ m[N 72 for ¢ > 0.

Next, we observe from the Poisson summation formula in Lemma 4.4 of
Chapter 1 that for ¢ > 0,

(3.19) D emt = bt TN p byt Y [ [2mm) PV,
meA m#£0



3. SPHERICAL CONVERGENCE OF CONJUGATE SERIES 61

where by is a positive constant. It follows from (3.19) and L’Hospital’s rule
that

(3.20) lim >
1<|m)|

e_|m|t 9
W/ t™* exists and is finite.

From (3.18)(iii) and (3.20), we consequently have that there is a positive
constant b;v such that

d*I(t)
dt?

But then it follows from (3.18)(i) and (ii), (3.21), and Theorem 2.1 in
Appendix B that

(3.21) > —byt? for 0<t<1.

. dI(t)
Since A = 1, we have by hypothesis that
(3.23) Im| am + |m|" ™M"Y >0 for m#£0.

Also, we have from (3.19) and L’Hospital’s rule that there is a positive
constant (5 such that

) e
1<|m|
For R>0, set
(@) SiR) = > mlap +[m|~"7Y,
0<|m|<R
(@)S2(R) = > |ml~Y.
0<|m|<R
Then we observe from (3.24) that
(3.25) %in%t/ e "dSs(r) = By.
=0 Jo
Consequently, it follows from Theorem 2.2 in Appendix B and (3.25) that
(3.26) RY S jm WY — By as R — oo
0<|m|<R
Also since %g) = =2 0<|m| Il ame~ ™I, we see from (3.22) and (3.25)
that

limt/ e "dSi(r) = By.
0

Hence, it follows from (3.23), Theorem 2.2 in Appendix B, and this last limit
that
R Z [Im| am + |m|~ " Y] = 8y as R — .
0<|m|<R
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We conclude from (3.26) and this last limit that

(3.27) R™! Z |m| am — 0 as R — oo.
0<|m|<R

Next, we set S3(R) = > |mj<r [m|am and observe that

R4 __ _—rt _ —|m]|t
1—e 1—e
—d —— |m| am,.
/0 T Sa(r) = Z |m| ] a

0<|m|<R

Consequently, for R > 1,

S e, = RISR)N —t/ Sy(r

0<|m|<R
/ S3(r)[1 — e " r2dr.
From (3.27), S3(r)r~! = o(1) as r — oo. Hence, we infer from this last
computation that
(3.28) lim > e Mg, =0.
0<|m|<t—1

Next, we observe that for R > 1,

Z e—|m|tam _ —Sg(R)R_le_Rt—l—t/ S3(T’)€_Tt7'_1d’f'
R

R<|m)|
+/ Ss(r)e "tr2dr.
R

We conclude from this computation and (3.27) that
i P —
%E% Z e apy = 0.
t—1<|m)|

Since by hypothesis, lim; . Zo<|m\ e~Imltq, = «, we obtain from this

last limit that
: —|ml¢ _
%E)I(l) Z e A = Q,
0<|m|<t—1
and hence, from (3.28) that
li =a.
0<|m|<t—1

This concludes the proof of the lemma. W
In order to prove Theorem 3.2, we will need two more lemmas.
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Lemma 3.4. Let f(x) and K(x) be as in the hypothesis of Theorem 3.2.
Suppose also that the double limit in (3.17) holds. Then

(3.29) lim T_N/ flao — ) |z|N K (z)dz = 0.
B(0,r)

r—0

Proof of Lemma 3.4. We let S(0,r) represent the (N-1)-sphere with cen-
ter 0 and radius r and we let dS(x) represent its natuural (N-1)-dimensional
volume element. Then we define almost everywhere for r > 0,

h(r) = /S o, S K @S,

Then h meets the condition in the hypothesis of [Zyl, Lemma 7.23, p. 104].
Consequently,

/ h(s)s™ds = o(r™) as r — 0.
0

This establishes the limit in (3.29). W
We will also need the following lemma.

Lemma 3.5. Let f(z) and K(x) be as in the hypothesis of Theorem 3.2. Sup-

pose that the limit in (3.29) also holds. Let Ay(f,x) represent the expression
in (2.2). Then

lim(A;(f, 20) — lim (27)~N / f(o — y) K (y)dy] = 0.
t—0 R—o0 B(0,R)\B(0,¢)

Proof of Lemma 3.5. With no loss in generality, we can assume zg = 0.
Next, for r > 0, we set

(3.30) o) =20 [ ool Koo
B(0,r)
and observe by assumption that
(3.31) g(r) =o(rYN) asr — 0.
Now from (2.17), we have that
A(£,0) = (2m)~" lim Ky (0) (~y)dy
=00 J B(0,R)

where K, (y) = AL (t/ |y|)K(y) and v = (N — 2)/2. Consequently, we have
from (3.30) that

. R
(3.32) Af.0) = Jlim | A5 (t/r)rdy(r),

where AY(t) is defined in (2.5).
Next, we set A%(t)" = dA¥(t)/dt and see from (2.5) that

AV () = —Cn/ e T, n(s)s" T 2ds,
0
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where ¢,, is a positive constant.

From the estimates in Appendix A, |J,4n(s)| < ¢is¥ for s > 0. Hence,
it follows from this last equality that there is a positive constant c.* such
that

(3.33) ‘A;(t)’ < et WHD for ¢ > 0.

Also, integrating by parts and using (3.31) and (2.7) in Appendix A
gives the following formula:

/ ALty Ndgr) = AU Ng(t) + / 16 (1))~ N 2g(r)dr
0 0

+N /0 AZ(t/r)T_N_lg(r)dr

for t > 0 where 8% (t) = A¥(t)". Hence, using (3.31) and (3.33) in conjunction
with (2.7) in Appendix A, we obtain from this last formula that

t

lim [ A%(t/r)yr Ndg(r) = 0.
t—0 0

We conclude from (3.32) that the proof of the lemma will be complete
once we show that

(3.34) lim lim R[A;(t/r) — 17 Ndg(r) = 0.

t—0 R—oo Jy

To establish that this last double limit is valid, we use the estimate in
Theorem 2.1 of Appendix A and see that

(3.35) |A%(t/r) — 1] < C*(N,n)(t/r)2  for 0<t<r < o0,
where C*(N,n) is a positive constant. We shall show that the double limit
in (3.34) holds by proving that, given n > 0,

R
(3.36) %in% sup Rlim / [AY (t/r) — 1]r~Ndg(r)| < C**(N,n)n,
— —00 | J¢

where C**(N,n) is a constant that depends only on N and n.
To accomplish this, using (3.31), we choose 6 > 0 so that
(3.37) lg(r)| <mr™ for 0 <r <4,

Then from (3.35), we have that

lim goc | [37145(t/7) = 1~ dg(r)

1. 1
< C*(N,n)t2 limpg o0 fB(O,R)\B(O,&) |f(=2)K (z)||z| 2 du.

We see that the limit of the integral on the right-hand side of this last
inequality is finite. Consequently, the left-hand side of this last inequality is
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O(t%) as t — 0. We conclude that (3.36) will follow once we show

)
(3.38) lim sup /t [AY (¢/r) — 1]r~Ndg(r)| < C™* (N, n)n.

Observing from (3.37) that
lim sup | [4%(/8) — 116~Vg(5)] < |4%(0) ~ 1|,

we see after integrating by parts that the estimate in (3.38) will follow if we
show

)
/t () N{N[AY (/1) — 1r=" + 82 (¢/r) r—2}dr| < Cu(N, )1

lim su
t—0 p

where 8Y (t) = A%(t).
This last inequality, however, follows easily from (3.35), (3.37), and the
uniform boundness in (2.10) of Appendix A. W

Proof of the Sufficiency Condition of Theorem 3.2 If we can show

. T Y im-xo —|m|t _

(3.39) %21(1) Z K*(m)f(m)e'™*0e = q,
0<|m)|

the proof will be complete.

> Kr(m)f(m)cmroeiml

0<|m]|
= 271 3 [Fm) K m)e™ ™ + F=m)K* (—m)e” eI,
0<|m|
and also

> Er(m)f(m)eme

0<|m|<R

= 271 3 ()R m)em e 4 flom) K (—m)e ),
0<|m|<R
Since the left-hand side of the inequality in (3.15) is real-valued, it follows
from Lemma 3.3, (3.39), and these last two equalities that

li [/(\* N m-xro __
Jim 30 K (m)f(m)e " = a,

o
0<|m|<R

and the sufficiency condition of the theorem would be established.

To show that the limit in (3.39) is indeed valid, we proceed as follows. We
have by assumption that the double limit in (3.17) holds. Hence, by Lemma
3.4, we have that the limit in (3.29) holds. Consequently, from Lemma 3.5,
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we have that that the double limit in (3.17), which is «, is the same as the
limit of A4(f,xo), i.e.,

%I_H%% At(fv ;EO) = o

Since A;(f, ) represents the expression in (2.2), this last limit is the
same as the one in (3.39). W

Exercises.
1. Prove that in dimension N > 2,

%i_r)% 2 Z W exists and is finite.
2. Prove that if S3(R) = > oy <r [m| am where R > 1, then

S i, = SRR 4 / Ss(r)e—trLdr
R<|m)| R

+/ Ss(r)e "tr2dr.
R

3. With AY(t) defined in (2.5) and g (r) = o (") as 7 — 0, prove that

t

lim [ AY(t/r)r Ndg(r) =0,
t—0 0

where g (r) is defined in (3.30).

4. The C*-Condition

Given f € C(Ty), i.e., f € C(RY) and is periodic of period 27 in each
variable, we say f € C%(Tx), 0 < a < 1, provided there is a constant C.
such that

(4.1) [flz+y) — fl@)| <Culyl*  va,ye RY.

If f meets (4.1), we will also say that f isin Lip a on Tn, 0 < a < 1.
It turns out that f € C*(Ty) implies that f € C*(Ty) where f(z) is
the periodic Calderon-Zygmund transform of f of spherical harmonic type
defined in (1.12) above. This basic fact is also highly useful in demonstrating
that certain partial differential equations have classical solutions, as will be
shown in §5. N

We establish that f € C*(T) in the following theorem, which uses the
presentation given in [CZ2, pp. 262-265].
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Theorem 4.1. Let f € C*(Ty), 0 < a < 1, and suppose K(z) is a
Calderon-Zygmund kernel of spherical harmonic type that meets the condi-
tions in (1.8), (1.4), and (1.5). Set

(4.2) F(x) = tim(2m) Y /T o, TV Gy

e—0

where K*(x) is defined in (1.8). Then the limit in (4.2) exists for every
z€ RN, and f € C*(Ty).

Proof of Theorem 4.1. It will be apparent from the proof we give below
that from the start we can assume

lim K*(y)dy = 0.
£=0JTn\B(0,e)
Therefore, for z € RV,

(43)  @0Yf(z) = lm [f (& =) = F@)K (y)dy.
e~V JTN\B(0,¢)

Since by (1.8) and (1.15),
(4.4) K*(y) = K(y) + Ki(y)
where K (y) is uniformly bounded for y € Ty and |y|* K(y) € L' (Tx), we
have that the limit in (4.3) exists for every x € T. Hence, the limit in (4.2)
exists for every = € Ty. N

It remains to show that f(zr) € C%(Tn). As we have just observed,

Vx € Ty, as a function of y, [f(z —y) — f(2)]K*(y) € L' (Tx). Also we see
from (4.4) that there is a constant C1,, independent of z, such that

f(z —y) = F@)]E* ()] < Cru(ly|*™N + [y|*) Vo€ Tn.
As a consequence, for h € B(0,1/8),
(45) [l 9) ~ F@)E W)l dy < Can A"
B(0,3|h|)
Vo € Ty.

From (4.3) and (4.5), we see that

46)  @n)Vf) = / @ —y) — F@)K* )y + Ay (x, h)
Tn\B(0,3|hl)

where
(4.7) \Al(x,h)\ < Oy, ’h’a Vo € Th.
Next, we observe that

@MV fle+h) = [f(@+h—y) = flz+h)]K*(y)dy

Tn
- / (@ —y) — fa+ WK (y + h)dy.
Tyn—h
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It is clear from the boundedness of both K (z) and K7 (x) in a neighborhood
of the boundary of T}y, that that we can adjust this last integral and obtain
that for h € B(0,1/8),

(48) oY Fe+h) = /T @ —y) — [+ WKy + h)dy + As(z, h)

where
(4.9) ‘Ag(x,h)‘ < (O34 ’h’a Vo € Th.
Using the C%-condition on f in the integrand in (4.8) and observing that

/ ly +h|* N dy S/ ly|* N dy,
B(0,3]h]) B(0,4]h])

we see from (4.4) and (4.8) that
(QW)Nf(x +h) = fTN\B(O,s\h\)[f(x —y) — flz+ h)]K*(y + h)dy

(4.10)
+Az(z, h) + As(x, h)
where
(4.11) |As(z,h)| < Cys |h]” Ve e Ty.
Next, we claim that there exists a constant C7, > 0 such that
(4.12) / K*(y+h)dy| < Cs.  Vh e B(0,1/8),
Tn\B(0,3|h|)

To see that this last inequality is true, we observe from (4.4) that it is
sufficient to establish (4.12) with K*(y + h) replaced by K(y + h) and Ty
replaced by B(0,1).

So set I(h) equal to the expression on the left-hand side of the inequality
in (4.12) with K*(y + h) replaced by K (y+ h) and Ty replaced by B(0, 1),
and observe that

(4.13) I(h) = [K(y+ 1) - K(y)ldy

/B(O,l)\B(O,3|h|)

We need to show that I(h) is uniformly bounded for |h| < 1/8.
Now K(y + h) — K(y) is given by

Qn(y+h) o Qn(y) — Qn(y+h) _Qn(y)
ly+ A"yt ly + h[™ Y

1 1
+Qn ()l = J-
‘y_’_h’n-i-N ’y‘n-i-N

It is clear from the fact that @,(y) is a homogeneous polynomial of
degree n that this last equality implies there exists a constant Cs, such that
(4.14) |K(y+h) = K(y)| < Cs. [h] [y| """ vy € B(0,1) = B(0,3]hl)
and for |h| <1/8.
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Since

|h| t=2dt = 1/3,
|3h]

it follows from (4.14) in conjunction with the definition of I(h) given in
(4.13) that

I(h) < Cg« Yh e B(0,1/8).
This fact establishes the inequality in (4.12), and we obtain as a conse-
quence that

|f(x) = f(z + h)| ‘fTN—B(O,?)\h\) K*(y + h)dy

< 0*07* |h|a

Vh € B(0,1/8) and Vx € Ty.
From this last inequality in conjunction with (4.6)-(4.11), we obtain that

@m)N[f(z +h) = f(2)] =
(4.15) / [f(@ —y) = F@)[K"(y + h) = K" (y)ldy + Aa(z, h)
Tn\B(0,3|h])

where |A4(x, h)| < Csi |h|* Vh € B(0,1/8) and V& € Ty.
Next, we claim that there exists a constant Cg, such that
(4.16) K™y +h) = K*(y)] < Cou [ [y~

Vh € B(0,1/8) and Yy € Ty\B(0,3 |h|).
To establish the inequality in (4.16), we recall that K*(y) = K(y) +
K3 (y) where K{(y) is given in a previous expression above (1.15). Hence,

Ki(y+h) = Ki(y)| < Jim 0 |K(y+h+2mm) = K(y + 2mm)].
1<|m|<R

It is easy to see from a decomposition similar to that given above (4.14)
that the absolute value inside the summation sign in this last inequality is
majorized by a constant multiple of

b 12em|~ YD for  m| > 1,

when h € B(0,1/8) and y € Ty — B(0,3|h|). Consequently, there exists a
constant Cip, such that

|Ki(y+h) — Ki(y)| < Cuox ||
Therefore, to establish the inequality in (4.16), it is sufficient to show
K (y+h) = K(y)| < Cure|h] [y~

Vh € B(0,1/8) and Vy € Ty \B(0,3 |h|). But this is essntially the inequality
already obtained in (4.14). Hence, claim (4.16) is valid.

We next return to the integral in (4.15) and observe from the claim in
(4.16) that
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fTN\B(0,3|h|)[f($ —y) — f(@)|[K*(y + h) — K*(y)]dy
(U I bl g1~ dy < Cran
Tn\B(0,3|h|)
Vh € B(0,1/8) and Vz € Tn, where once again we used the fact that

|h| t=2dt = 1/3.
3|h|

From the equality in (4.15) in conjunction with the inequality in (4.17),
we obtain

(@m)Nf(x +h) = F@)]] £ (Con + Cra) I,
Vh € B(0,1/8) and Va € Ty. Hence, indeed f € C*(Ty). N
Exercises.

1. With A = (hy, hy) where |h| < % and hi, ho are nonnegative, prove
that there exists a constant C, > 0 such that

<C,|hl.

/ K<y+h>dy—/ K (y+ ) dy
T2\B(—h,h) Tp—h\B(=h;h)

5. An Application of the C*-Condition

In this section, we show that Theorem 4.1 is very useful in obtaining a
classical solution to a periodic boundary value problem in partial differen-
tial equations. Our example is fairly elementary. For a more sophisticated
example showing how Theorem 4.1 can be used, we refer the reader to §2 of
Chapter 6 below, which deals with a classical solution to a boundary value
problem for the stationary Navier-Stokes equations.

Let f € C*(Tn), 0 < o < 1. We recall this means that f is periodic of
period 27 in each variable and satisfies

If(z+y) - f(2)] < Cyly|* Vx,ye RN

where C, is a positive constant.
Given g € C(Tn), we say u is a classical solution of the periodic bound-
ary value problem

(5.1) —Au(x) =g(z) Veely
provided the following holds:
(i) u € C*(RY);
(ii) u(x) is periodic of period 27 in each variable;
(i) —Au(x) = g(z) VzeTn.
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Here, Aw is the familiar Laplace operator applied to wu, namely,
N
0%u

By using specific Calderon-Zygmund kernels K (z) in conjunction with
Theorem 4.1, we establish the following result concerning the boundary value
problem (5.1).

~

Theorem 5.1. Let f € C*(Tn), N > 2,0 < «a < 1. Suppose that f(0) = 0.
Then there exists u € C*T(Tx), which is a classical solution of the periodic
boundary value problem

(5.2) —Au(z) = f(z) Yz e Tn.

u € C?T(Ty) means that u(x) meets conditions (i) and (ii) just below
(5.1) and, in addition,

O*u(z)/0x;0x € C*(Ty) for jk=1,..,N.

To show that the condition f(0) = 0 is a necessary condition for the
solution of the periodic boundary value problem (5.2), we observe that if
also v € C%(Ty), then it follows from Green’s second identity that

/ [u@ - v%]ds = / [uAv — vAu|dz.
TN on on Ty

Taking v = 1 in this last equality gives the value zero to the left-hand side.

Hence, fTN Audz = 0, which we use with (5.2), 2nd in turn implies f(0) = 0.
To prove Theorem 5.1, we will need the following lemma:

Lemma 5.2. Suppose g, g5, g;x € C(In) for jk=1,...,N. Suppose also
that

gi(m) = im;g(m) Yme Ay, j=1,.,N, and
gjk(m) = —mympg(m) Yme Ay, jk=1,..,N.

Then g € C*(Tn) and 0*g(x)/0x;0x), = gji(z) for x € Ty.

Proof of Lemma 5.2. To establish the lemma, it is clearly sufficient to
show

(5.3) 0g(x)/0x1 = g1(x) for x € T,

for everything else will follow in a similar manner.
We let 09 (g, x) designate the n-th iterated Fejer sum of ¢ as defined in
(2.6) of Chapter 1. Also, let z* be a fixed but arbitrary point in 7. We are



72 2. CONJUGATE MULTIPLE FOURIER SERIES

given that gy (m) = im1g(m) Vm € Ay. Since 0%(g, ) is a trigonometric
polynomial, it follows that

908(g,z)/0x1 = 0%(g1,x) for z € RV,
and therefore that

Jg(g,a:’{ +t,ah, ., Ty) — ag(g,x’{,mz, s X)

= ff{l JS(QI’S’;U;""’I'*N)dS

for t € R.

By Theorem 2.1 in Chapter 1, lim, ..03(g1,2) =g1(z) uniformly
for z € RYM. So using this uniformity, we obtain from this last equality
that

]+t

(5:0) ol + 825 ah) 9ol 5nah) = [ gr(s.ahi)ds
]

fort e R.

Next, we divide both sides of the equality in (5.4) by ¢ # 0, pass to the
limit as t — 0, and conclude that

9g(x*)/0x1 = g1 (x").

Since x* is an arbitrary point in T, (5.3) is established, and the proof of
the lemma is complete. W

Proof of Theorem 5.1. Since (N —1)z3 —23 —--- — 2% is a homogeneous
polynomial of degree 2 and also a harmonic function, it follows that
(V-1 —ad
K(.Z') = |$|N+2

is a Calderon-Zygmund kernel of spherical harmonic type, and therefore
from Corollary 3.2 in Appendix A that

(N —Dmi —m3 —-
2

—_~ .. — 2
K*(m) =k Ty Vm # 0,

m|
where & is a positive constant. Hence, by Theorem 4.1,
2

Y (N_l)m%_m%_”'_mN im-x
m e
> fom) -

m#£0

is the Fourier series of a function in C%(Ty). Since by assumption,

2 2 2
~ o omimit+md
E:f(m) 1 2 Nezmx

2
= ml
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is also the Fourier series of a function in C*(Ty), we obtain by addition that
the same holds for
5 Fom) i
!

m#0
Similarly, we see that

> fm
m#£0 ‘

is the Fourier series of a function in C’a(TN) forj=1,...,N.
Likewise, since x;xj is a spherical harmonic function for j # k, we
proceed in a similar manner and obtain that

(5.5) uj € C*(Tn),

where

(56) u]k Z f m]mk zm:E
m#0 |

for j,k=1,...,N.

Next, we invoke (iv) and (vii) of Lemma 1.4 in Chapter 3 and see
that Hy, Hy,..., Hy € LI(TN) where

(6) SIHo] = 0 ire™ amd

(5.7) |
(i) S[Hj] =320 ﬂ% eme for j=1,..,N.
We set
(5.8) uj(z) = (2m)~ N . flx—y)H;(y)dy for j=0,1,...,N,
and obtain, since f € CO‘(T;:), that
(5.9) uj € C*(Ty) for j=0,1,...,N.

Also, from (i) in (5.7) in conjunction with (5.8), we obtain that

(5.10) eima,
0 |m|
and from (ii) in (5.7) that

(5.11) Slu;] = Z Meimm for j=1,..,N.
mzo  Im
If we temporarily think of uy as g in Lemma 5.2, we see from (5.6),

(5.10), and (5.11) that all the conditions in the hypothesis of Lemma 5.2 are
met. Consequently, ug € C%(Ty), and

*ug(z)/0x;0x) = () for x € Ty.
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But then from (5.5), we have that ug € C?T%(Ty) and from (5.6) that
—Aug(z) = f(x) Vo e Ty.
This fact establishes the theorem with u(z) = ug(x). W

Exercises.
1. With N = 2 and H; (z) the function delinated in (5.7)(ii), given
f€CY(Ty), 0 < a< 1, proves that vy () € C1T%(T3), where

vi (z) = (2m) 7 . fe—y) Hi(y)dy.

2. With N = 2, given f € C*(T3), 0 < a < 1, and f(0) = 0, find a
vector-valued function v(z) = (v (z),vs (z)) with vy, vy € C' (T3) such
that

V-v(zx)=f(z) Vel

6. An Application of the LP-Condition

In this section, we show that Theorem 1.2 is very useful in obtaining
distribution solutions to a periodic boundary value problem in partial dif-
ferential equations. The result obtained here will prove valuable in Chapter
6 when we deal with solutions to the stationary Navier-Stokes equations.

We recall that ¢ € C°°(Ty) means that ¢ € C°(R") and periodic of
period 27 in each variable. With 1 < p < oo, by H<;5||W1,,,(TN), we mean the
following:

dz.

168y = . 1o

The space WP (Ty) is the space we obtain by using the method of Cauchy
sequences to close C*(Ty) wlth respect to the ||-[|y1.p (7, -norm.

— | Jz;

Similarly, by |||y 2.(7,), We mean

N

—P+ Z 82¢
i,k

p
dx.

I6nrny = . lor

The space W?2P (Ty) is the space we obtain by using the method of Cauchy
sequences to close C*(Tly) with respect to the ||-[|y2,p (g, )-norm.

Given f € LP (Ty) with fTN fdz =0, we say u is a distribution solution
of the periodic boundary value problem

(6.1) —Au=f

~ O0x;0xy,
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provided that v € L' (Ti) and
(6.2) —/ ulApdr = fodz Vo e C(Tn).
Tn Tn

With 1 < p < oo and using specific Calderon-Zygmund kernels in con-
junction with Theorem 1.2, we intend to prove the following theorem re-
garding distribution solutions of the boundary value problem (6.1).

Theorem 6.1. Let f € LP (Ty),1 < p < oo, N > 2. Suppose that f(O) =
Set

up(z) = 2m)™N [ f(z —y)Holy)dy

TN
where Hy is defined in (5.7).Then ug € W*P (Ty) and is a distribution
solution of the periodic boundary value problem (6.1).
To prove Theorem 6.1, we will need the following lemma.

Lemma 6.2. Suppose g € LP (Ty), 1 <p < oo, and h € L' (Ty). Set
v (x) =/ h(z —y)g(y)dy.
TN

Then v € LP (Ty), and

(6.3) HUHLP(TN) = ||h||L1(TN) HgHLP(TN)‘

Proof of Lemma 6.2. Let p’ = p/(p—1). Then writing |h (z — y)| =
b (z — )P |k (2 — y)|“'P, we see that
vl < [ -l
TN

[/TNrh<x—y>ug<y>rpdy]”p[/ h(z — )] dg] 7

Tn

IN

Consequently,

/ 0@ do < I Wl 190

The inequality in (6.3) follows immediately from this last inequality. W

Proof of Theorem 6.1. Using Hy, Hy,...,Hy € Ll(TN) as defined in
(5.7), we set

(6.4) uj(z) = (2m)~N . flx—y)H;(y)dy for j=0,1,...,N,
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and obtain from Lemma 6.2, since f € LP(Ty) and H; € L*(Ty), that
(6.5) Uj; € Lp(TN) for 7=0,1,...,N.

Also, from (i) in (5.7) in conjunction with (6.4), we obtain that

20 Iml

and from (ii) in (5.7) that

(6.7) St = 30 P e o o,
o Iml
Next, using the material in the first paragraph of the proof of Theorem
5.1 in conjunction with Theorem 1.2, we see that

>_ fm)
m#£0 ‘
is the Fourier series of a function in LP (TN) forj=1,...,N.

Likewise, since x;xj is a spherical harmonic function for j # k, we
proceed in a similar manner and use Theorem 1.2 to obtain that

Z f m]mk zmx
m70 |

is the Fourier series of a function in LP(TN) for j #kand j,k=1,....N.
As a consequence of all this, we see that
(Z) E]u]'k S Lp(TN)
(6.8) with
(i) STujs) = — T Flm) 20 s
for j,k=1,...,N.

Next, we let 09 (ug,z) designate the n-th iterated Fejer sum of ug as
defined in (2.6) of Chapter 1. Since o9 (ug, z) is a trigonometric polynomial,
it follows from (6.6)-(6.8) that

909 (ug,x
(i) 22et) = o0 (uy, @),
(6.9)

8:cj8:ck = O'g(u‘]k,fl}‘)

for j,k=1,...,N.
From Theorem 2.2 in Chapter 1, we obtain that

(6.10) Jim [lof, )~ =0
for j=0,1,...,N, and
nh_)ngo O',?(’U,j]ﬁ ) — ujk‘ Lo(Tw) =0
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for j,k=1,...,N.
We conclude from (6.9) and these last two limits that

(6.11) ug € WP (Ty).

Also since 09 (ug, r) is a trigonometric polynomial, we see from (6.8)(ii)
and (6.9)(ii) that

—AO'S(U(), )_J (fa )
On the other hand, it is clear that
/ O(ug, z) Apdr = Aol (ug, z)pdr Yo € O (Ty).
TN TN

So

- / O(ug, ) Add = / oO(f,2)pde Vo € C ().
TN

TN

Passing to the limit as n — oo on both sides of this last equation, we
obtain that

—/ upAodr = fodx Vo e C™(Tyn).
TN TN

This gives (6.2) with ug replacing u. Hence, g is a distribution solution of
(6.1). From (6.11), we see also that ug € W2P (Ty).
This establishes the theorem. W

Exercises.
1. With N = 2 and 08 (ug, ) as in the proof of Theorem 6.1, use Green’s
second identity to prove

/ o¥(ug, ©) Apdr = Ac®(ug, x)pdr Yo € C (Ty).
TN TN

2. With 1 < p < oo, define W*P (1) in a manner analogous to the
definition of W?2P (Ty). Given f € LP (Ty) with fTN fdxr =0, we say v is a
distribution solution of the periodic boundary value problem

(6.12) A% = f
provided that v € L' (T3) and

/ vA2pdr = | fodr Vo € CP(Ty).
p Ty

Find a distrbution solution v to the periodic boundary value problem (6.12)
with v € WP (Ty).
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7. Further Results and Comments

1. Originally from Poland, Antoni Zygmund was a professor of math-
ematics at the University of Chicago from 1947 to 1980, where Alberto
Calderon was one of his Ph.D. students. Zygmund is known for founding
one of the leading schools in mathematical analysis called “The School of
Antoni Zygmund.” A listing of 179 names belonging to this school as well
as a biography of Zygmund can be found in the book “A Century of Math-
ematics, Part II1,” published by the American Mathematical Society [Dul].

2. Calderon-Zygmund kernels of spherical harmonic type of the form
Qi () / |2V when Qy (x) is a homogeneous linear polynomial are gener-
ally called Riesz kernels and the corresponding principal-valued transforms
are generally called Riesz transforms. Both the periodic analogue of this case
and when Q) (z) is also a spherical harmonic polynomial of degree 2 were
considered in a 1938 paper by J. Marcinkiewicz [Mar]. Evidently, in these
two cases, he proved Theorem 1.2 stated above (see [CZ2, p. 262]).

Josef Marcinkiewicz was one of the four Ph.D. students that Zygmund
had while he was a professor at the University of Wilno (see [Du, p. 345 and
p. 349]).

3. Calderon and Zygmund, while working with local properties of solu-
tions to elliptic partial differential equations, introduced another important
concept involving pointwise L!-total differentials, [CZ3]. To define this no-
tion, let B (0,1) € R”Y be the unit N-ball. Let x9 € B(0,1). u € t} (x0)
provided the following holds: u € L!(B(0,1)) and there exists a linear
polynomial P (x) such that

lim p_N_l/ lu(xo 4+ x) — P (x)|dx = 0.
p=0 B(0,p)

If P(z) =ap+ Z;Vzl ajzj, we set aj = ug, (o) for j =1,..., N.
Once this definition is given, an obvious question arises in dimension

N = 2, namely the following: Suppose u,v € L* (B (0,1)) and u,v € t} ()
Vx € B(0,1). Suppose, futhermore, the analogue of the Cauchy-Riemann
equations hold, i.e.,

Uz, (¥) = vy, (x) Vz € B(0,1),

Uz, (T) = —vg () Yz e B(0,1).
Is it true that there exists U,V € C*° (B (0,1)) with f(z) =U (z) + iV (x)
holomorphic in B (0,1) where z = x1 + ix9 such that

u(z)=U(x) and v(z)=V (x) a.e. in B(0,1)?

This fundamental question was an open problem for approximately ten
years. It was finally solved with the aid of multiple Fourier series in a man-
uscript that appeared in the Annals of Mathematics [Sh16]. We refer the
reader to this reference for the details of the solution.



CHAPTER 3

Uniqueness of Multiple Trigonometric Series

1. Uniqueness for Abel Summability

In this section, we shall deal with the best possible results involving
uniqueness questions that arise from the Abel summability of multiple
trigonometric series. A corollary to the main result presented in this sec-
tion will be a solution to a problem which was open for approximately one
hundred years: Is the analog of Cantor’s famous uniqueness theorem valid
for double trigonometric series, i.e., is it true that

(1.1) Rlim E ame™* =0 Yz €Ty = a, =0 VYm?
—00
Im|<R

In other words, the analog of Cantor’s theorem on a one-dimensional
trigonometric series for the circular convergence of double trigonometric se-
ries was the open question. Cantor’s work on one-dimensional trigonometric
series started with a number of publications beginning in 1870 (see [Da, pp.
33-34]) and eventually led to his ground-breaking development in set theory.

The answer in the affirmative to the question stated above in (1.1) follows
from the work of Shapiro [Sh2] in 1957 and Cooke [Co] in 1971. In between
these times, many famous mathematicians including the logician and an-
alyst Paul J. Cohen [Coh] had worked on trying to solve this problem on
double series. The same question replacing circular convergence with square
convergence is still open (see [AW3, p.24]). Also, the analogous problem on
So for spherical harmonics is still open.

In this section, we concentrate on the ideas in the reference [Sh2] men-
tioned above and, in particular, establish the following theorem (see [AW3,
p.10]) and its corollary.

xT

Theorem 1.1. Given the trigonometric series ZmEAN ame™® where the

am are arbitrary complex numbers and N> 1, suppose that
(4) ZR—1<|m\§R lam| = o(R) as R— oo,
(id) im0 Y ppeny ame™ 1M =0 Vo € Ty.

Then a,, =0 ¥Ym € Ay.

‘T where the

Corollary 1.2. Given the trigonometric series D x ame™
am are arbitrary complex numbers and N> 2, suppose that
(4) ZR—1<|m\gR lam| = o(R) as R— oo,

79
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(i) limy—o e n  ame™ 1 = 0 Vi € T\ {0},
Then a,, =0 ¥Ym € Ay.

Before proceeding, we show that the corollary is not true in one-
dimension. Working with N = 1, we see from the equalities in (4.37) and
(4.38) of Chapter 1 that for ¢ > 0,

oo
(1.2)  P(s,t) Z eins=Int — ¢ Z [t + (2mn+s))"t VseT)
n=—oo n=—oo
where by is a positive constant. It is clear that lim;_o P(s,t) = 0 Vs €
T1\{0}, and that lim; .o P(0,t) = oco. Since the coefficients of the trigono-
metric series in the second term in (1.1) are a, = 1 for all n, we have
> R-1<n|<rlan| = 2 = o(R) as R— oo. Consequently, Corollary 1.2 is
false in dimension NV = 1.
Next, we observe from (1.2) that for ¢ > 0,

P(s,t - .
% = Z ine™ =Mt and also,
P(s,t —
% = —bit > 202mn+s)[t* + (2mn + )%
Vs € T1. Hence,
(1.3) hm Z ine™ It =0 for all s € T7.

To show that little “0” cannot be replaced by big “O” in condition (i)
of Theorem 1.1, we set

(1 4) P {0 for m%-i—----i—m?v;éo
: m ™ Lim, for m%—i—...—l—m?\,:O’
Then
)
§ : amezm-x—|m|t: § : inezns—|n|t,
meAN n=-—00

where 1 = s, and we see from (1.3) that condition (ii) in Theorem 1.1 holds
for all € Tiy. On the other hand, from the definition in (1.4), it is clear
that
2R-1)< > |am| <2R
R-1<|m|<R

So our assertion that little “0” cannot be replaced by big “O” in condi-
tion (i) of Theorem 1.1 is substantiated, and Theorem 1.1 from this point
of view is a best possible result.

Theorem 1.1 in dimension N =1 is due to Verblunsky and the proof in
this dimension can be found in [Zy1, p. 352]. The proof of Theorem 1.1 in
dimension N > 2 requires new ideas. These new ideas are to be found in
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[Sh2], and we shall use them here in our proof of Theorem 1.1. About these
new ideas, Professor A. Beurling’s comment was “ Very skillful, indeed!”
Professor A. Zygmund said about Theorem 1.1 in dimension N > 2, “Results
of this nature come about only once in a generation.”

To prove Theorem 1.1, we need the following lemma:

Lemma 1.3. Let Ge LY(Ty), and let S[G]=Y

set G(x,t):zmeAN
and is finite. Set v* =lim supy—o— Y.
Y. stmlarly using lim infi_o . Then
(a)AG(xo) < v* and
(b)7. < A*G(xo).

= mEAN G(m)e™=. For t > 0,
G (m)etm==Imlt . Suppose lims_oG(xo,t) = G(xo) exists

meAy im[% G(m)e™==Imlt gnd define

In the above lemma, A,G(x) refers to the lower generalized Laplacian
of G at x( as defined in (2.2) of Appendix C, namely,

Gy (o) — G(20)

r2

(1.5) AL G(xg) = 2(N + 2)lim i(I)lf

where G,j(zo) is the volume mean of G at z¢ defined in (2.1) of Appendix
C. (For the one-dimensional analogue of the above result, see [Zyl, p. 353].)

Proof of Lemma 1.3. To prove the lemma, it is sufficient to prove (a),
for (b) will then follow by considering —G(x). With no loss in generality, we
can assume that g = 0 and G(0) = 0.

If AL,G(0) = —o0 or if ¥ = 400, (a) is already established. So we can
assume A,G(0) > —oo and v* < 400.

Suppose (a) does not hold. Then there exists an n € R such that
ALG(0) > n > ~*. Since we can find a periodic function A(z) € C*(Ty)
with the property that A\(0) = 0 and AX(0) = 7, we can assume 1 = 0. We
prove the lemma by showing

(1.6) ALG(0) >0 >~"

leads to a contradiction.

With G¢(0,t) = dG(0,t)/dt and Gy (0,t) = dG(0,t)/dt, and observing
from (1.6) that v* < 0, we obtain that

limsup —G(0,t) =~ <O0.
t—0

Consequently, G (0,t) > 0 for ¢ sufficiently small. Therefore, for ¢ sufficiently
small, G¢(0,%) is a strictly increasing function of ¢, i.e., there exists a tg > 0
such that G¢(0,t) is a strictly increasing function of ¢ in the interval 0 < ¢t <
to. Also, G(0,t)/t = G¢(0,s) where 0 < s < t by the mean-value theorem,
since G(0,t) = 0. Therefore, limsup,_,od[G(0,t)/t]/dt < 0 is incompatible
with the fact that G(0,t) is a strictly increasing function of ¢ in the interval
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0 < t < to. Hence, limsup,_,, d[G(0,t) /t]/dt < 0 is incompatible with the
fact that +* < 0. We consequently conclude from (1.6) that if we can show

(1.7) A,G(0) > 0 = Timinf ~d[G(0,)/1]/dt >0,

we will have arrived at a contradiction.

We now establish (1.7). Observing from (2.1) in Appendix C that
|B(0, R)| G, (0) = fB(O’R) G(y)dy and from (4.5) and Theorem 4.1 of Chap-
ter 1 that

G0,t) = (2m) oy [ Gl + Jaf2] D 2,
RN
we see that

G(0,1)
t

= a/o [t2 + T2]_(N+1)/2dTNG[T](0)
- /oo[t2 + 7,2]—(N+3)/27,N+1G[T] (O)d?”
0

where o and o' are positive constants. Consequently, since G},1(0) = O(1)
as R — oo,

(1.8) —d[G(0,t)/t]/dt = Bt /O T2+ r?]m N2 NG (0)dr,
for ¢t > 0 where 3 is a positive constant.
By the assumption in (1.7), there exists 7, > 0 and ¢ > 0 such that
G (0) > nor® for 0 <r < 4.
We thus obtain from (1.8) that

é
lim inf —d[G(0,)/t]/dt > liminf Gt / [t2 4 2~ (NH9)/2p o N3 g
— — 0
> ﬁno/ [1+7‘2]_(N+5)/27‘N+3d7"
0
> 0.

This establishes (1.7), and completes the proof of the lemma. B

Proof of Theorem 1.1. From a consideration of the series
Z (am +T_p)e™®  and Z i(py — T )€™,
meAN meAN

we see from the start that it is sufficient to prove the theorem under the
additional assumption

(1.9) Um = G_p Ym € Ap.
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Next, for t > 0, we define the following functions.

Fl,t) = Yen, ame™ oIt

fl(x7t) Z‘m‘>0am‘m’ 1 zmm |m|t
(1.10)

F(,1) = = Yo Gm [m[ 72 @ime=iml!

F*(@) = limsup,_q f(a,t) and  f.(x) = liminf,—o f(x, 1),
and observe that

(1.11) }iH(l) fi(xz,t) and }iné F(z,t) exist and are finite

for x € Ty.

To see this, fix € Txy. Then by hypothesis (ii) of the theorem, there
exists a constant K depending on x such that | f(z,t)| < K for ¢t > 0. Hence
by the mean-value theorem for 0 < t; < t9, there exists an s such that

|fi(x,t2) - fiz,t1) |=[f(z,s)-ao |(t2 —t1)

where 0 < t; < s < ty. Therefore, fi(x,t) satisfies the Cauchy criterion
for convergence and the first part of (1.11) is established. Repeating this
argument for F'(z,t) establishes the second part.

Using (1.11), we define the periodic function F(z) by

(1.12) F(z) =lim F(z,t) Vae RY.

As is easily seen, condition (i) in the hypothesis of the theorem implies
that >, 150 lam|* |m|™* < oo. Consequently, we obtain from (1.10) and
(1.12) that F(z) € L?*(Ty) and
(1.13) SF] == > am|m| 2™,

|m|>0

Also, we observe from (1.5) and (1.6) in Appendix A that
(1.14) !B(w,r)!‘l/B( )eim'ydy:uNeim'mJN/g(\m]r)(]m]r)_N/2

where iy is a constant depending on N but not on m. So with Fj, ()
designating the volume mean of F' in a ball of radius r centered at =, we
obtain from (1.13) that

(1.15) Fipy(@) = —pv Y am [m| ™2™ Iy o (Im[ 7)(Im| )=/,
|m|>0

Using the Bessel estimate in (2.2) of Appendix A and condition (i) in the
hypothesis of the theorem, it is clear that the multiple series in (1.15) is
absolutely convergent.
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Next, we obtain from Lemma 1.3 and condition (ii) in the hypothesis of
the theorem that
(1.16) A*F(x) > —ag and A F(x) < —ag VreTy.

If F(z) is continuous in all of R, then it would follow from the inequal-
ities in (1.16) and Theorem 2.2 in Appendix C that F(z) + ag |z|? /2N is
harmonic in RY. As we shall see, from this latter fact it is easy to obtain
the conclusion of the theorem. So we see what we have to do is establish the
continuity of F' in RY.

In order to establish this continuity, we set
(1.17) a1(t) = sup sup |F[T](x) - F(ZE,’I")‘,

0<r<tzeTy
and we will show that

(1.18) %gl(l) ay(t) =0.

It follows from the series representations of F'(z,r) in (1.10) and of
Fm(l‘) in (115) that
spsery |Flpj(z) = F(x,7)]

(L19) = 3 faml Il e =y Tl ) (1l )2
|m|>0

We split the sum on the right-hand side of the inequality in (1.19) into
two parts, A, and B,. A, will designate the sum over the lattice points
m,1 < |m| <r~!, and B, will designate the sum over the lattice points
m, |m| > r~1. To establish (1.18), it is sufficient to show that lim,_o A, = 0
and lim,_gB, = 0.

Observing from the equality in (1.14) that

lin%) MNJN/2(7’)(7’)_N/2 =1,
we see from (1.1) in Appendix A that there is a constant K such that
‘e‘r - MNJN/2(7’)(7’)_N/2‘ < Kr for 0<r<1.

Hence, we obtain from condition (i) in the hypothesis of the theorem and
from (1.19) that

A, < Kr Z lam| m| ™" = ro(r~') asr — 0.
1<[m]<r1
Therefore, lim,_,g A, = 0.
Using the fact that there exists a constant K such that |JN/2(7“)| <

Kr~12, we obtain from (1.19) and from condition (i) in the hypothesis of

the theorem that for r small
[oe)

B, < 0(1)/ e s lds + 0(1)r_(N+1)/2/ s~ (N+3)/2 g g
r—1-1

r—1-1

as r — 0.
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We conclude that lim,_,g B, = 0, and consequently that the limit in
(1.18) is established.
The next fact that we establish concerning F'(z) is the following: set

(1.20) ao(t) = sup sup | Fy () — Fyy(y)
0<r<t  |z—y|<rz,yeRN

)

then
(1.21) }/in& as(t) = 0.
From (1.15),

ﬂ]:/'l SUP|z—y|<r,z,ycRN |F[7“] (l‘) - F[T] (y)‘

— -2
< Sup|x—y|§r,x,y6RN ZIS\m\Svﬁl{’am‘ |JN/2(‘m’ T)‘ (’m’ T) N/2 ‘m’

|eim-x _ eimvy“
+2 321y laml [ Inja (Il )] (Jm] ) =N/ [m]~2

= A, +B,.

To establish the limit in (1.21), we have to show that A, and B, tend
to zero as r goes to zero. The lim,_,¢ B; = 0 was already shown when we
established (1.18). For A, we observe from (2.1) in Appendix A that

2704, < D awl [Inga(lml )] (fm| ) =N | 7 [m] 7

1<|m|<r—1
< O Y law|im|™
1<|m|<r1
< O()ro(r™h)

as 7 — 0. Consequently, lim, o A, = 0, and the limit in (1.21) is established.

Next, using the fact that f(x,t) is continuous for ¢ > 0 and periodic in
the x-variables, we see that there exists a sequence

t1>tg>--->t,--—0
such that

(1.22) sup sup  |f(x,t) — f(x,t,)] < 1.
(EERN t7L§t§tn+1

Let B(xg,70), ro > 0 be an arbitrary but fixed open ball in RY. We
propose to show that F(z) is continuous in B(xg,rg). So, let

(1.23) E = {x € B(zo,79) : F is not continuous at x}.

We will now show that F is the empty set.
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By condition (ii) in the theorem,
nlingo |f(z,t,)] =0 Vz € B(xg,ro).
If B(y,s) C B(z0,70),5 > 0, then by the Baire category theorem [Zyl,
p. 29 (12.3)], there exists B(y',s’) C B(y,s),s’ >0, and a K > 0, such that
|f(z,t,)| < K Vo€ B(y,s') and Vn.
From (1.22), it therefore follows that
|f(x,t)| < K +1 Voe B(y,s) andfor 0<t<t.

As a consequence, employing the same technique used to establish the limits
in (1.11), we see that

%iil(l] F(z,t) = F(x) uniformly for z € B(y/,s').
We conclude that E defined in (1.23) is a nondense (nowhere dense) set in
B(xo,0)-
Next, we note that E has no isolated points. If zy were an isolated point
of E, then as we have observed earlier, there would exist sg > 0 such that
F(x)+ag |z|> /2N would be harmonic in the punctured N-ball B(zo, 250)\{

20}. Therefore, by the mean-value theorem for harmonic functions, for x €
B(zp,7)\{ 20}, where 0 < r < s,

F(20) + ao |20 /2N — F(z) — ag [«[* /2N
= F(20) +ao|z|* /2N — Foy_o (2)

—ag / lyl? dy/ | Bz, |20 — )| 2N.
B(xz,|z0—x|

As a consequence, from (1.17) and (1.20),
|F(20) +aolz0l /2N = F(@) = ao |o” /2]

< |F(20) = Fijzg—af ()]
ool | [ (a0l = yP)dy| 1Bz, o — o) 2V
B(w,|z0—=[)
< |F(20) = Fljzg—ap)(2)] + o(1)
< |F(20) — F(20, |20 — z|)| + | F (20, |20 — #[) = Fjjz9—a))(20)]
+ | Fijzg—a)) (20) — Fijzg—ap (z)| 4+ 0(1)
< o(1) + ar(r) + as(r).

Using (1.18) and (1.21), we conclude that
Jim (F(x) + ao |x[* /2N] = F(z0) +ao |z0|* /2.
Hence, E contains no isolated points.

Next, let E designate the closure of E. Since |f(z,t)| — 0 for x € E and
since E is a perfect set, we can obtain once again from the Baire category
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theorem and (1.22) that if E is a nonempty set, there is a 29 € E and an
sg > 0 with B(zg,2s9) C B(xg,79) and a constant K such that
(1.24) If(z,t)] <K K+1 for z€ EnN B(z,250).

Using the same techniques that were used to establish the limits in (1.11),
we see from (1.24) that

(1.25) %in(l) F(z,t) = F(z) uniformly for z € E N B(z,250).

Consequently, F (z) is a continuous function when z is restricted to the closed
set F N B(zg,2sp). Therefore, given an € > 0, choose s; so that 0 < s1 < s
and such that

(1.26) |F(z) — F(z0)| <€ for z € EN B(z, 51).

Next, using (1.17), (1.20), and (1.25), choose sy so that the following
five items hold:
(1.27)

(i) ai(s) <e for 0 < s < s9;

(i7) aa(s) <e for 0 < s < s9;

(13) |aol (2|20 + 3s2)s2 < €;

(iv) |F(z,8) — F(2)] <e for 0 <s < sy and 2z € EN B(z0,2s0);
(v) 259 < 1.

We propose to show that
(1.28) |F'(z) — F(20)] < be for z € B(zo, s2).

If + € B(z9,82) and # € E, then (1.28) holds by virtue of (1.26) and
(1.27)(v). We can therefore suppose that € B(zo, s2) and z ¢ E. Let 2/
be the closest point in E (or one of the closest if more than one exists) to

. Then |2/ — x| =s3 < sp and F(y) + ag|y|* /2N is a harmonic function in
B(x, s3). Therefore,
F@) = Fag@) oo [ [yl dy/ 1B, 59 2N —aoaf? /2N
B(z,s3
Consequently,
|F(z) — F(20)| |F(x) = F()| + [F(2) = F(z0)]
|Fiog) (2) = F ()] + [F(2') = F(20)]

/ (Iyl? — [2[2)dy
B(z,s3)

IA A

+ |ao| /|B(z,s3)| 2N.
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Hence, from (1.26) and (1.27)(iii), we obtain
(1.29) |F(z) — F(20)| < |Fls)(z) — F(2')| 4 2e.

We can estimate the first term on the right-hand side of this last in-
equality using (1.17), (1.20), and (1.27)(i), (ii), and (iv) as follows:

|Flog)(2) = F(2)] < [Flog) (@) = Flgg) ()] + [Flgy) (') = F(2', 3)]
+|F(Z,s3) — F()|
as(s3) +aq(s3) +e¢

<
< 3e.

This last part coupled with the inequality in (1.29) establishes the inequality
n (1.28).

We conclude that F' is indeed continuous at zy. Therefore, £ must be
the empty set and F'is a continuous function in the open ball B(zg, 7). But
B(xg,70) was an arbitrary ball contained in R". Hence, F' is a continuous
function in all of RV. As we observed earlier, this fact implies that

(1.30) F(z)+ap ‘:172‘ /2N is a harmonic function in RY.

From (1.10) and (1.12), we see that F'(x) is a periodic function of period
27 in each variable. Since F'(x) is also a continuous function, we have that
it is bounded in all of R". Hence, we have from (1.30) that the harmonic
function F(x) + ag |#?| /2N = O(|2?|) as |z| — oo. We conclude from well-
known properties of harmonic functions (Theorem 1.10 in Appendix C) that
the harmonic function that we are dealing with is a polynomial of at most
degree 2, i.e.,

+a0|x2|/2N—b0+Zb :Ej—I-ZZb LT

=1 k=1

where by, bj, bj, are constants for j,k =1,...,N.
But the only way possible that the polynomial

by +Zb xj —i—Zijkm]a:k — ag |a:2| /2N

7j=1k=1
can be bounded in all of R is when it is identically constant. Therefore,
F(zx)=by VaecRN.

From (1.13), we see first that by = 0 and next that F(z) =0 Vz € RV.
This implies that
am =0 for |m|>0.
From condition (ii) in the hypothesis of the theorem, we finally obtain
that ap = 0, and the proof of the theorem is complete. W
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Next, we define several functions that will be useful in proving Corollary
1.2. Set
(1.31)

®(z) = 2m)N[|Sy_1| (N = 2)] 7 a7 Vo e Ty\{0} and N >3

= (2n)log |z| ™t V& e TL\{0} and N =2,

and extend ® to RN\ Upeay {27m} by periodicity of period 27 in each
variable. In the above equation, |Sy_1| designates the volume of the unit
(N — 1)-sphere, i.e., |Sy_1| = 20eN/2/T(N/2).

Also, for t > 0, set

(1.32) Hy(z,t) = Z Im| 2 etmaimlt,
|m|>0
and for j =1,..., N, set
(1.33) Hj(w,t) = Y imj|m| 2 emoimlt,
|m|>0

We establish a lemma concerning the functions just introduced.

Lemma 1.4. The following facts hold for the functions defined in (1.31),
(1.82), and (1.33) where N> 2:

(i) limy—o Hj(z,t) = Hj(z) exists and is finite Vo € RN\ Upen, {27m}
and j =0,1,...,N;

(i3) lim |y _o[Ho(x) — ®(x)] exists and is finite;

(iii) limyg_o[H;(x)] + 2m)Na;/|Sn-1] |z | emists and is finite for
j=1,..,N;

(iv) H;(z) € LY(Ty) for j =0,1,...,N;

(v) Ho(x)— |x|? /2N is harmonic in RN\ Upen, {27m};

(vi) Hj(z) is harmonic in RN\ Upeny {2mm} for j =1,...,N;

(vii) limy—g fTN |Hj(x,t) — Hj(x)|dx =0 for j =0,1,...,N.

Proof of Lemma 1.4. We first show that there exists a continuous periodic
function ¢ (x) such that

d(m) — p(m) = |m|™? for m#0

(1.34)
®(0) — 1(0) = 0.
Also,
(1.35) 3 (?ﬁ(m)‘ < .
meAN

Observing from Green’s second identity [Ke, p. 215] that for N > 3 and
m # 0,
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—(N=-2) _—im-zx
fTN—B(O,a) kd ¢ dzx
- / =M 1729 1o~ /o dS + o(1)
OITN\B(0.2)]

with a similar calculation holding in dimension 2 for log \a:\_l, we obtain
from (1.31) that for m # 0,

B(m) = |m|"2
(1.36)
CosSm;m
+bN m -2 / me meJ) J diU dx*diUN,
ml Z -~ (e =22 4 a2zt

where by is a constant depending on N but not on m, and dx; stands for
the deletion of dux;.

For m = 0, define v, = ®(0). For m # 0, define ,, to be the value of
the second expression on the right-hand side of the equality in (1.36). As a
consequence,

O(m)—7,, = |m|™? for m#£0
®0) -7 = 0.

To show that > |Ym| < 0o prevails, we observe that for m; # 0

d ) ?é meAN
and j # 1,
JT e (|zf? — a2 4 72) N da,
1 [ z1sinmizy
=Nm 1/ dxq
b (|2 - o ) (N2

and obtain consequently that there is a constant by such that for m # 0,
(Im] + 1) [y

N
<Oy D (fma + 17" (fmyl + 1) - (fm] + 1)
j=1

Also, we observe that
[lma] +1) -+ (Jm| + 1) VDN

< (jm| + 1% (fma | +1) -+ (jmy| +1)* - - (jm| + 1),
These last two inequalities together imply that

Y bl S Nby Y [maf 1) - (| + 1] " < oo,

meAN meAy

So we set

— Z ,ymeimx

meAN
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and obtain from this last inequality that ¢ (z) is a continuous periodic func-
tion. As a consequence
(1.37) (m)=r,, Vme Ay,
and we infer from the above that the conditions set forth in (1.34) and (1.35)
prevail.

Continuing with the proof of the lemma, we next define
(1.38) Ho(z) = ®(z) — p(z) for x € RV\ Upeny {27m}
and observe first that Hy(z) € L'(T) and next from (1.37), (1.36), and the
paragraph below it that

Ho(m) = ®(m)—d(m) =|m|™  ¥m#0
=0 for m = 0.
With Hy(x,t) defined as in (1.32), we consequently obtain from Theorem

4.1 in Chapter 1 and the fact that ®(z) — ¢ (z) is continuous and periodic
in RN\ Umeny {27mm} that

%in(l] Ho(x,t) = Ho(x) exists and is finite for © € RV\ Upen, {27m}.
Also, from Theorem 4.3 in Chapter 1,
lim |Ho(z,t) — Ho(z) |dx = 0.
t—0 TN
Furthermore, from (1.38), Ho(z) — ®(z) = ¢(x) for x € B(0,1)\{0}.
But, v is a continuous function in all of B(0, 1). Therefore,

|li|m0[H0(a:) — ®(z)] exists and is finite,

and condition (ii) in Lemma 1.4 is established.
Next, using the Poisson kernel, P(x,t) = ZmGAN eime=lmlt for ¢ > 0,
defined in (4.37) of Chapter 1, we see from (4.38) in Chapter 1 that
. imx—|mlt N
%E)I(l) %\: e 0 for x € R\ Upen {2mm}.
meAN

Consequently, it follows from Lemma 1.3 above that
AL[Ho(x) — |zf* /2N] < 0 < A*[Hy(x) — |a|* /2N]

for € RV\ Upneay {2mm}.
Since Ho(z) — |z|* /2N is continuous in RN\ Upea y {27m}, we conclude
from this last set of inequalities and Theorem 2.2 in Appendix C that

(1.39) Ho(z) — |z|* /2N is harmonic in RN\ Upeny {27m}.

If we check back and see what we have already established in this proof,
we see that we actually have established all that is stated in Lemma 1.4
pertaining to Hy(z). So, to complete the proof of the lemma, it remains to
show that the statement in Lemma 1.4 for H;(z), j =1,..., N is also valid.
To accomplish this, we proceed as follows.
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Since ®(x) is harmonic in B(0,1)\{0}, we obtain from (1.38) and (1.39)
that

(1.40) Y(x) + |z|* /2N is harmonic in B(0,1)\{0}.

But () is continuous in all of RV. Hence, from Lemma 1.5 in Appendix C,

we have that ¢(z) +|z|* /2N is harmonic in all of B(0,1), and consequently
that
(1.41) () € C*(B(0,1)).
But then it follows from (1.31), (1.38), and (1.41) that
H
| 1m0[8+$(x) + (2n)Naj/ |Sy_1] |z[N] exists and is finite for j = 1,..., N.

Consequently, 8%? € LY(Ty). We define

Hj(z) = 0Ho(x)/0z; Yo € RN\ Upea, {27m},

and we see from the above that (iii), (iv), and (vi) in the lemma are now
established.

It remains to show that conditions (i) and (vii) are valid.

From Theorem 4.1 in Chapter 1, condition (i) in the lemma concerning
Hj(x) for j =1,...,N will be established once we show

(1.42) tli_l)l(l)Hj(x,t) = OHy(x)/0z; Y € RN\ Upeny {27m}
forj=1,...,N.

It is clear from (1.33) that the equality in (1.42) will follow once we
demonstrate that

0H,

Do (m) = im;/|m|*> for |m| >0

(1.43)
G (0) =0
for j =1,...,N. Also, from Theorem 4.3 in Chapter 1, condition (vii) in the
lemma will follow once we establish (1.43).
So the proof of the lemma will be complete once we demonstrate that
(1.43) is true.
(1.43) will be valid if the following two items obtain

(7) fTN O0Hy(z)/0z;dx = 0;
(1.44) .
(i1) [g,, e ™ OHo(w)/0x; = (27)Nim;/ [m|*  for |m| > 0.

To demonstrate that (i) of (1.44) is indeed true, we define v(x) to be
the vector field in Tx\{0} whose j-th component is Hy(z) and whose other
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(N — 1) components are zero. Then by the divergence theorem, (i) of (1.44)
is true provided

(1.45) lim v(z) -n(x)dS(z) =0

€=0J8[Tn—B(0,e)]
where n(z) is the outward pointing unit normal. But Hy(z) is a periodic
function. Consequently, faTN v(z) - n(x)dS(x) = 0. On the other hand,

N=lmax |Hy(z)|

|x|=¢

< ce

/ v(z) - n(z)dS(x)
0B(0,¢)

where ¢ is a positive constant. From (1.31) and condition (ii) of the lemma,
we see that the right-hand side of this last inequality goes to zero as € — 0.
So the limit in (1.45) is established.

To complete the proof of the lemma, we have to show that (ii) of (1.44)
is true. To do this, we now let w(x) be the vector field defined in T \{0}
whose j-th component is e =% Hy(x) and whose other (N — 1) components
are zero. The same reasoning as the above shows that

lim w(z) -n(z)dS(x) = 0.
€0 J8[Tn\B(0,¢)]

On the other hand, the divergence theorem gives
o\ B0,y W(@) - n(x)dS(z)

- / A= Ho ()]0 dar
Tn\B(0,¢)
We conclude that
/ e MIYHy(x)/0x;dr = / im;jHo(z)e "™ dx
TN TN

= 2m)Nimj|m|™*  for |m| >0

(ii) of (1.44) is established, and the proof of the lemma is complete. W

Proof of Corollary 1.2. To prove this corollary, we proceed exactly as
in the proof of Theorem 1.1 and observe, as before, that without loss in
generality, we can assume that

U = a_m  VYm € Ap.
Also, as before, we obtain that the function
(1.46) F(x) = %il“% F(x,t) Vo € RM\ Upea, {27mm},
where F'(x,t) is given in (1.10), is well-defined.
From the proof given in Theorem 1.1, we furthermore obtain that

(1.47) F(z) 4 ag |z|* /2N is harmonic in RM\ Upen, {27m}.
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In addition, from the comments above (1.13), we see that F(z) is also
in L?(Ty). Hence, it follows from Theorems 1.3 and 1.4 in Appendix C that

N
F(z)+aglz|* /2N = bylogr + Z bijzir N +up(z)  for N =2,
j=1

N
= bor V72 4 ij:EjT’_N + up(x) for N >3,
j=1
Vz € B(0,1)—0, where ug(x) is harmonic in B(0, 1) and the b; are constants.

We next invoke Lemma 1.4 above and see from the set of equalities just
established that there are constants b, b7, ..., b}y, such that

N
I (F@)+a laf” /2N = 36 Hy(@)] = 6,
=0

where [ is a finite number.

Using this last limit in conjunction with (v) and (vi) of Lemma 1.4, we
obtain from the periodicity of F'(z), which is clear from (1.46), that the
function

N
(1.48) V(z) = F(x) - Y b5 H;(x)
j=0

for z € RN\ Upea, {27m}, and
V(2mm) =0 for m € Ay

is both periodic and continuous in RV. In addition, from (1.47), (1.48), and
(v) and (vi) of Lemma 1.4, we have that

(1.49) V(z) + (ao + b3) |z|* /2N is harmonic in RV,

Since V(z) is a periodic and continuous function, and hence bounded,
(1.49) and Theorem 1.8 in Appendix C tell us that V(x) is a polynomial of
degree at most two. But the only way a continuous periodic function can
be a polynomial of degree at most two is when it is identically a constant.
Consequently, from (1.48),

N
(1.50) F(z) =) biH;(x) =8
7=0

for z € RN\ Upeay {27m}.
We see from (1.13) that F(m) = —an/|m|? for m # 0. Therefore,
Lemma 1.4 and (1.50), in turn, imply that

N
am + by = —Zimjb; for m # 0.
j=1
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By condition (i) in the corollary, the left-hand side of this last equality
is o(|m|) as |m| — oo. Consequently, we obtain that

b; =0 forj=1,..,N,
and therefore that
am = —by  for m # 0.
But, by condition (i) of the corollary,
Z |am| = o(R) as R — oc.
R—-1<|m|<R

However, the number of lattice points in the annulus R — 1 < |m| < R is
O(RN=1) and not o(RN~1) as R— oo. Hence, b} = 0, and therefore,

am =0 for m # 0.
This, along with condition (ii) of the corollary, then implies that
apg = 0.

These last two equalities complete the proof of the corollary. W

Exercises.
1. Given f(t) = Y 02 ane ™ for t > 0 where > °°  |a,| < oo and
o2 an =0, prove

2
limsup—ﬂ (t)<0= limsupd(&)/dt > 0.

2. Prove that condition (i) in the hypothesis of Theorem 1.1 implies that
> laml? [m| ™ < 0.
|m|>0

3. Using (1.5) and (1.6) in Appendix A, prove that for r > 0,
!B(w,r)!‘l/B( )eim'ydy:uNeim'mJN/g(]m]r)(]m]T)_N/2

where pp is a constant depending on N but not on m.

4. Prove that, in dimension N = 3, the number of integral lattice points
contained in the spherical annulus B (0, R + 1) \B (0, R) is O (R?) and not
0 (R2) as R — oo.
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2. Uniqueness for Circular Convergence

In this section, we focus on the problem that was open for approximately
one hundred years before it was solved, namely, the analogue of Cantor’s
Theorem for double trigonometric series discussed at the beginning of §1.
After we present this result, we will exhibit an analogous problem involving
Cantor’s theorem on the two-sphere So, which is still open.

The theorem we present here, which settled this one-hundred year old
problem, is the following;:

Theorem 2.1. Given the trigonometric series ) . bme™ where the
b, are arbitrary complexr numbers and dimension N = 2, set

SR(QZ‘) _ Z bmeim.x’
Im|<R
and suppose that
(2.1) Rlim Sr(z) =0  for x € T5\{0}.

Then b, =0 VYm € As.

Theorem 2.1 is proved using the clever 1971 result of Roger Cooke [Co],
combined with Corollary 1.2 above, which was established in 1957 by Shapiro
[Sh2]. We present Cooke’s result in Theorem 2.2 below.

The analogue of Theorem 2.1 in dimension N > 3 was established in 1996
by Bourgain [Bou|. For a good presentation of Bourgain’s result, we refer
the reader to the expository article of Ash and Wang [AW1]. For another
expository comment about Theorem 2.1, see [Ash, p. 94].

Theorem 2.2.  Given the trigonometric series . . b €™ where
b=b_m and dimension N = 2, set B,(z) = Z|m|2:n b €™, and sup-
pose

(2.2) lim B,(z) =0 for a.e. z € Th.

Then

(2.3) lim > |by|* =0.
Im|*=n

To prove Theorem 2.2, we will need the following lemma.

Lemma 2.3. With B, (z) defined as in Theorem 2.2, where by, = b_,,

(2.4) { /T Ba()[* e}t < { /T (B () da} /2.
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Proof of Lemma 2.3. To prove the lemma, we first observe that
(2.5) Ba(@))?= Y > bmbpem T
Im[*=n |p|*=n
and
(2.6) / Bo@)Pde = 47° 3 [l
m|*=n

Let A9 designate the following set of lattice points:

2 2

=n, |p|”=n},
and for each ¢ € A,? , let 3, designate the following number:

B, = > bynbp.

|p\2:n,\m|2=n,m—p:q

AS={g:m—-p=gq, Im|

Then we see from (2.5) that

Bu(@)? = 3 € 2. buby

q€A, p|*=n,|m|*=n,m—p=q
iq-T
E Be .
q€AS

Now, 6 = (0,0) is in Ag . Hence, we observe from this last set of equalities
that

(2.7) (47) 2 / Ba@)*de = 182+ S |8,°
T2 eAQ\{6)

Next, we claim that given q € AS\{0}, there are at most two pair of
lattice points (m*,p*) and (m**,p™*) such that m* — p* = m™ — p** = ¢
and |m*|2 _ |p*|2 _ |m**|2 _ |p**|2 — .

To see that this claim is indeed valid, let C'(6,7) be the circle centered
at 6 of radius r and observe

if m* —p* = q with |m*|* = [p** =
—_
then the line segment p*m™ is a chord of the circle C'(6,+/n) that is both

(1) parallel to 9—(} and
(73) of length |q|.

There is at most one other chord of the circle C'(6,+/n) with these two
properties. Hence, the validity of the above claim is as asserted.
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It follows from this claim that
‘5q|2 <2 Z ‘bm’2 ’bp’2 for g€ Ag\{@}
p|*=n,|m|*=n,m-p=q

Consequently, we obtain from (2.7) that

(47) 2 T\Bn(x)]4da: < B2 +2 D > b |,
? a€AS\{0}  Ipl*=n,|m|*=n,m—p=q
< Bl 42 >0 D (bl byl
m[?=n [p]=n
< 30> bl

mf*=n

But then from (2.6), we see that

(4m)7% | [Bu(2)[*dz < 3[(4m) 7 | |Bu(x)|* da)*.
T Ts

The conclusion to the lemma follows from this last inequality. W

Proof of Theorem 2.2. Suppose the conclusion to the theorem is false.
Then there exists 6 > 0 and a sequence {n;}32; such that

> bl =6 forj=1,2,..

m|*=n;
Set (
B, (z)
(Z‘m|2:nj ‘bm’ )2
Then
(2.8) jlin;o Aj(x) =0 for ae. z € Tp
and
(2.9) |Aj(z)|? do = 4n®  for j =1,2,....

Ty

However, from (2.8) combined with Egoroff’s Theorem, we see that
JECT, st |E|<107* and lim A;(z) =0 uniformly Vz € To\E.
j—00

Consequently, we obtain from the equality in (2.9) that

(2.10) 47? < lim sup / |Aj(z)[*dz  where |E| <1074
E

Jj—00
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But, by Holder’s inequality and Lemma 2.3,
[14@Pde < 1072(] 40 o)}
E E
1072 / 1A (2)|? da.
T

Therefore, from (2.9) and (2.10), we see that
472 < 1072472,

IN

IN

This contradiction shows the conclusion of the theorem is valid. W

Proof of Theorem 2.1. From a consideration of the series
Z (b +b_n)e™®  and Z i(bm — E_m)eim'x,
meAsg meANa

we see from the start that it is sufficient to prove the theorem under the
additional assumption

by =b_p, Ym € As.

Also, we see that
(R?]

Sr(x) = Bu(x),
n=0

where By (z) = X, 22, bme™* and [R?] is the largest integer < R2. Con-
sequently, from (2.1) in the hypothesis of the theorem, we see, in particular,
that

lim B,(z) =0 forae. x¢€Th.

n—oo
Hence, we obtain from (2.3) in Theorem 2.2 that
lim |b,,|=0.
Im|—o0

Now, the number of lattice points in the annulus determined by R — 1
and R is O(R). Therefore, we see from this last limit that

(2.11) > bl =0(1)O(R) = o(R).
R—1<|m|<R
Also, we see from condition (2.1) in the hypothesis of the theorem and from

Theorem 1.2 in Appendix B that
lim Z bne™ eIt = 0 for 2 € T\ {0}.

t—0
meAs

This last fact coupled with the observation in (2.11) shows that the
conditions in the hypothesis of Corollary 1.2 are met. Hence,

by, =0 for m € Ao,
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and Theorem 2.1 is established. W

On Sy, the theorem analogous to the one just established for T5, namely
Theorem 2.1, has been open for the last 135 years. There is a possibility
that it may be false, for the analogue of Theorem 2.2 is false, as we will
demonstrate.

Here is what is known so far about the uniqueness of surface spherical
harmonic expansions on Sy, frequently called Laplace series. We use the
notation introduced in §3 of Appendix A and let Y;,(§) be a surface spherical
harmonic of degree n where £ € Sy. We also set

Yalle = { /S Yo (©)2dS(©)}3.

The following result was established in [Sh9, p. 12] using ideas similar
to those in the proofs of Theorem 1.1 and Corollary 1.2 but adapted for .Ss.

Theorem 2.4. Given {Y,(§)}72,, a sequence of surface spherical har-
monics of degree n on S, suppose that

(@) |Ynll2 = o(n%) as n — oo and
(44) lim, 1 ZZO:() Y (§) =0 for £ € So\{n*},
where n* = (1,0,0). Then
Y, (&) =0 V¢ € Sy and Vn.

We observe from formula (3.29) in Appendix A that

1—7r? >
" =Y 2n+1)P,(n"-&r" V& €85y and 0<r <1,
(1 —2rn*- €+ 1r2)3/2 HZ::O

where P,(t) is the Legendre polynomial of order n. From this last equality,
we obtain that

(212) ;Lni;r"@mnpn(n*-s):o for € € S2\{n}".

As we have shown in §3 of Appendix A, (2n+1) P,(n* - &) =Y, (§) is a
surface spherical harmonic of degree n. Also, (see [Pi, p. 227]),

1

(2.13) |Pu(n* - €)>dS(€) = 277/ |Py(t)|* dt = 4m(2n + 1)L
Sa -1
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This sequence {(2n +1)P,(n*-§)}72, demonstrates that Theorem 2.4 is
in a certain sense a best possible result because

(a) by (2.13), it meets (i) in the theorem if “0” is replaced with “O”;
(b) by (2.12), it meets (ii) in the theorem;
(¢) P,(1) =1 for every n shows that P,(n* - ) is not identically zero.

We will not establish Theorem 2.4 here, but refer the reader to [Sh9, p.
12] for the proof.
The open problem for the last 135 years is the following:

Problem 2.5. Given {Y,(§)}5%, a sequence of surface spherical harmonics
of degree n on Ss, suppose that

nan;OZYk(f) =0 for &€ S\{n'},
k=0

where n* = (1,0,0). Then
Y,(€) =0 V¢ € Sy and Vn.

Problem 2.5 is still open because the analogue of the Cantor-Lebesgue
type theorem established by Roger Cooke on T5 (i.e., Theorem 2.2) is not
available on Ss, as the following counter-example of Walter Rudin [Ru2, p.
302], demonstrates.

Proposition 2.6. Given a positive integer J, there exists {Yn(£)}22, a
sequence of surface spherical harmonics of degree n on So, such that

() lm Y,(§) = 0 VEe S, and
Y,
(i) Hﬂ# 00 as n — oo.

Proof of Proposition 2.6. We observe for every integer n > 1,
u(zy, T2, x3) = o1 Im(zy + iz3)" !

is harmonic in R3 and also is a homogeneous polynomial of degree n in the
variables x1, T2, x3. Hence, it is a spherical harmonic of degree n. Therefore,

with £ = (§;,89,83) € S,
Yu(€) = n/Tg, Tm (€, + igs)" !

is a surface spherical harmonic of degree n.
Using &; = cosf, {4 = sinf cos ¢, {5 = sinfsin ¢, we see that

(2.14) Y,,(€) = n’t cos O(sin §)" " sin(n — 1)¢,
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where 0 <6 <7 and 0< ¢ < 2r. Since |sinf| < 1 for § # 7/2 mod 7 and
cosm/2 =0, it follows from (2.14) that

lim Y,,(§) =0 V&€ S,.
To complete the proof of Proposition 2.6, it remains to show that (ii)
above holds. It follows from (2.14) that this will be accomplished once we
demonstrate that

(2.15) / (cos 0)?(sin 0)*"~1dh > ¢/n* for n > 1,
0

where c is a positive constant independent of n.
Letting I,, designate the integral on the left-hand side of the inequality
in (2.15), we see after an integration by parts that

™ w/2
I, =/ (sin 0)*"*1dg/2n :/ (sin 0)*"*1do /n.
0 0

Using the fact that sinf > 20/m for 0 < § < 7/2, we obtain from this last
equality that

1
I, > 71/ t2”+1dt/2n for n>1,
0

and the inequality in (2.15) follows. W

Exercises.

1. Prove that x1 Im(z3 +i23)" ! is a homogeneous polynomial of degree
n that is harmonic in R3.

2. With &, = cosf, & = sinfcos¢, {5 = sinfsing, find the sur-
face spherical harmonic Y,, (), which comes from the spherical harmonic
T Im(xg + ifl'g)n_l.

3. Uniqueness, Number Theory, and Fractals

One problem that Cantor was unable to solve was the following: If a
trigonometric series S on 17 converges to zero in the complement of the usual
Cantor set, is .S identically zero? In this case, the answer is in the affirmative
and is the basis for a very deep result in mathematics connecting number
theory and trigonometric series [Zy2, p. 152]. It is the purpose of this section
to present a result analogous to this on Tx, IV > 2. Also, instead of using
the convergence of trigonometric series to deal with sets of uniqueness, the
more sophisticated idea of distributions on the N-torus will be employed.
The basis for the material developed here is the paper entitled Algebraic
Integers and Distributions on the N-Torus (see [Sh5]).
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Using the notion of distributions also enables us to obtain uniqueness
results for trigonometric series of the form

without assuming anything about a,, under the spherical norm. In particu-
lar; in Theorem 3.2 below, we do not make any assumption like

lim |a,|=0.
Im|—o0

Instead, we make assumptions of the following nature: (i) {am, }mea, is uni-
formly bounded; and (ii) limypin(jm,|,....jmy ) —oo @m = 0.

Clearly, the norm used in (ii) is weaker than the spherical norm.

In this section, we present three theorems involving uniqueness results
for trigonometric series. The second and third theorems do use the spherical
norm. Also, the second theorem is connected with the theory of fractals.

In the sequel, with

Iy={z:—n<zj<m j=1,..,N},

we will need the notion of the torus topology. We observe that F C Ty is
closed in the torus topology if and only if the set E* C R is a closed set
in RN where

E* = Upeay {E + 2rm}.

To define the notion of a distribution S on T, we first need the class of
real functions D(Ty), called test functions, where

D(Ty) ={¢: ¢ € C°(RY), ¢ is periodic of period 27 in each variable}.

As before, we define

ot = [ 1of s
Tn
and A¢ to be the Laplacian of ¢. So, in particular, for ¢ € D(Ty),

(3.1) HA%( ;:(%)N 3 \m]4k‘$(m)‘2 for k= 0,1,2, ....

meAN

With {¢,}22, C D(Tn) , we say ¢,, — 0in D(T) provided the following
takes place:

lim ‘A%n —0 fork=0,1,2,...

n—oo

L2
A distribution S on D(Ty), also called a periodic distribution, is a real

linear functional on D(T) with the following property.
Given {¢,}>°, C D(Ty). If

(3.2) ¢, — 0in D(Tx), then lim S(¢,)=0.

n—oo
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We'll designate this class of distributions by D'(Ty) and set for S €
D/(TN) and >\7 ¢ € D(TN)7

S(A+ip) = S(A) +1iS().
S(m) is then defined by the following formula:

(3.3) 2m)NS(m) = S(e”"™*) = S(cosm - x) — iS(sinm - z)
for m € Ay.
In the sequel, we will need
(3.4) §(m)‘ is uniformly bounded for m € Ay,
and
(3.5) lim ‘§(m)‘ ~ 0.

min (7 ..o [) =00

In particular, we define the class A(Ty) C D'(T) as follows:
A(Ty) = {S € D'(Ty) : ‘§(m)‘ meets (3.4) and (3.5)}.
If ¢ € D(Ty), the set
Su®(¢) = {z € T : ¢(x) # 0}

(where ~ designates the closure in the torus topology) will be called the
support of ¢. Let G C Ty be open in the torus topolgy. S = 0 in G means

¢ € D(Ty) and Sul(¢) € G = S(¢) = 0.

Let E C T be closed in the torus topology. F is called a set of unique-
ness for the class A(Ty) provided the following holds:

if € A(Tv) and S =0 in Ty \E, then S =0.

Before proceeding with the statement of the theorem, we establish the
following proposition.

Proposition 3.1. Let J> 2 be an integer. Suppose E; C Ty is both a set
closed in the torus topology and a set of uniqueness for the class A(Tn) for
j=1,....,J. Then U}-leEj is also a set of uniqueness for the class A(Tn).

Proof of Proposition 3.1. It is clear from an induction process that the
proof of the proposition will be complete once we show that the proposition
is true for the special case J = 2.

Suppose, therefore, that the proposition is false for the case J = 2. Then
there is an S € A(Ty) such that S = 0 in Tn\(E; U E3) but S is not
identically zero. Consequently, there is a ¢, € D(T) such that

Su®(¢y) € Tv\E; and S(¢;) #0.
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Since Su®(¢;) and E; are closed sets in the torus topology with an empty
intersection, it follows that there is a set (G; that is open in the torus topology
with By € Gy and G1n Su®(¢,) = 0.

Now, ¢S € D' (Ty) where

$15(¢) = S(¢10) Vo € D(Ty).
Also, by Proposition 3.4 in Appendix B, ¢;.5 € A(T).

Let ¢ € D(Ty) be such that Su®(¢) C Twn\Fo. Then there is a set
Go with E; C Gy that is open in the torus topology and Gon Su®(¢) = 0.
Therefore,

¢1(x)p(x) =0 Vo€ G1 UGy,
and hence,
Su(p10) C Tv\(E1 U Ey).
But then by assumption S(¢;¢) = 0. So ¢;S(¢) =0 for every ¢ € D(Ty)
which, has its support in Tx\FE>. However, as we have observed, ¢;5 €
A(Ty) and by assumption Es is a set of uniqueness for the class A(Ty). We
conclude that ¢;S = 0.
In particular, ¢(z) =1 is a function in D(T). So,

0=¢15(1) = S(¢1),
and we have arrived at a contradiction. Therefore, the proposition is true
for the case J = 2, and the proof of the proposition is complete. W

Next, C(£) with 0 < £ < 1/2 will designate the familiar Cantor set in
the half open interval [—m,7), i.e., t € C(§) if and only if

t=2m(1-9 3 e —m
k=1

where ¢, = 0 or 1 and not all e, = 1. We note that if 0 < §; < 1/2,
j=1,..,N, then C(§;) C T is a closed set in the torus topology of 71 and

C(&) x - xC(€n) C Ty

is a set closed in the torus topology of Th.

An algebraic number is a complex number v that satisfies an equation
of the form

"+ o +a,=0

where the coefficients of the equation are rational numbers. In case all the
coefficients of the equation are integers, v is called an algebraic integer.

Following [Zy2, p.148], we say v is an S number if the following three
properties hold:

(i) v is a real algebraic integer;

(i) v > 1;

(iii) if o is a conjugate of ~y, then |a| < 1.

S numbers are sometimes referred to as Pisot numbers.
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We intend to prove the following theorem [Sh5] regarding S numbers:

Theorem 3.2. Let 0 <&; < 1/2 for j=1,..,N where N > 2. A necessary
and sufficient condition that C(&;) X --- x C(§y) be a set of uniqueness for
the class A(Tx) is that 5;1 be an S number for j=1,...,N.

As an immediate corollary to Theorem 3.2 , we have the following result:

Corollary 3.3.  Suppose p; and q; are relatively prime positive integers
with pj/qj<% for j=1,...,N where N> 2. A necessary and sufficient condi-
tion that C(p1/q1) x - -+ x C(pn/qn) be a set of uniqueness for the class
A(Tn) is that pj =1 for j=1,...,N.

Proof of the Necessary Condition of Theorem 3.2. With no loss
in generality, we can assume from the start that 51_1 is not an .S number.
We accomplish the proof by showing that, under the assumption that & 1_1 is
not an S number, there exists a trigonometric series ame™* with

Qm = G_ym, which has the four properties listed below: medy
(3.6) |ap,| is uniformly bounded for m € Ay.
37 i I
(3.8) dmg € Ay such that a,,, # 0.
If 29 € TN\C(&;) X --- x C(€y), then 3 ro > 0 such that
(3.9) hm Z ame™ ze=Iml’t _ uniformly for z € B(xg,rg).
O mehy

To see that a trigonometric series with the properties stated in (3.6)-
(3.9) will establish the necessary condition of the theorem, we first prove
that

(3.10) S(@) = @2m)N > amp(—m) for ¢ € D(Iy)
meAN

defines a distribution in the class A(Tw).
To show that S € D'(Ty), suppose {¢,}5°; C D(In) and ¢,, — 0 in
D(Ty). Then

(3.11) > Joma(—m)| < (

1<|m| 1<\m\ ‘ ’

)2 18N, |2
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From (3.6), we see that the first series on the right-hand side of the
inequality in (3.11) is finite. Since HAN anH ;2 — 0, we obtain therefore from
(3.11) that
lim Z ‘aman(—m)‘ = 0.

n—00
1<|m|

Also, agg,,(0) — 0. So, S € D'(Ty).

From (3.10), it follows that S(m) = an,, and consequently from (3.7)
that S € .A(TN).

To show that a series with properties (3.6)-(3.9) will establish the neces-

sary condition of the theorem, it remains to prove that the following holds:
(3.12) ¢ € D(Ty) and Su®(¢) C Tw\C(&;) x - x C(€y) = S(¢) = 0.

To accomplish this, we set

S(z,t) = Z ameim'xe_|m|2t,

meAN

and apply the Heine-Borel theorem in the torus topology. It then follows
from (3.9) and the fact that Su®(¢) C Tw\C(&;) x - - x C(£y) is compact
in the torus topology that

%in(l) S(z,t) = 0 uniformly for z € Su®(¢).
But then

S(¢) = lim S(x,t)¢(r)dx = lim S(z,t)p(x)dx =0,
=0 J1y t=0 J5u0 (9)
giving the assertion in (3.12).

From (3.8), we have that S is not identically zero, and the necessary
condition of the theorem is established.

To complete the proof of the necessary condition of the theorem, it
remains to show that ¢ 1_1 is not an S number, which Implies the existence
of a series Y5 cx . ame™? with a, =a_p, that has properties (3.6)-(3.9).

With C(§) € T1, 0 < £ < 1/2, we use the familiar Lebesgue-Cantor
function (see [Zyl, p. 194], [Sa, p. 101]) associated with C'(£) to obtain a
nonnegative Borel measure v on T} with the property that v[C(£)] = 1 and
v[Th\C(&)] = 0. Also, v is nonatomic, i.e., v[{s}] =0 Vs € T1. We set

(3.13) v(n) = (27r)—1/ e~ Mdy(s) forn =0,41,42, ...

T
It follows from (3.13) that D(n) = D(—n) and also that the sequence
{¥(n)}5L_ is uniformly bounded. In particular, it is easy to see that this

last fact implies that there is a constant ¢ such that

[e.e]

Z D(n)einse—|n\2t

n=—oo

(3.14) <ct™'? VYse T and for 0 < ¢ < 1.
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From [Zy2, p. 151], we also observe that

(3.15) ¢ lis not an S number = | l|im v(n) = 0.
n|—oo
To obtain the coefficients a,,, we let vy be the nonnegative Borel measure
associated with C'(§;,) as above for kK =1,..., N, and set

(3.16) A, = Dl(ml) s DN(mN) Vm € AN.

It is clear that a,, = @_,, and that the coefficients a,, meet (3.6). From
(3.15), it also follows that limj,,,|~o¥1(m1) = 0. Hence, from (3.16) we
have that the coefficients a,, meet (3.7). Furthermore, it is clear from (3.13)
and (3.16) that ag = (27)~". Therefore, (3.8) is also met.

So to complete the proof of the necessary condition of the theorem, it
only remains to show that Y7\ ame™ " meets (3.9). We now do this.

We are given z¢ = (zo1,...,2on) € TN\C(&;) X - - - X C(€). Therefore
there exists at least one xg; € T1\C(§;). For simplicity of notation, let us
suppose this occurs for j = 2, i.e., g2 € T1\C(&5). A similar proof will work
in case zo1 € T1\C(§;) or wo; € T1\C(§;) for j =3,..., N.

Let I, be the open interval (—r + xg2, zg2 + 7). Since zg2 € T1\C(&,), it
follows from the above that there exists ro > 0 such that vy(Z,,) = 0. Hence,
we obtain from Theorem 5.3 in Chapter 1 that

o0

(3.17) PH& Z nzjﬁg(n)ei”se_"% = 0 uniformly for s € I, /2,
n=—oo

for j=1,...,N — 1.
Next, for s € T1 and for t > 0, we set

e}

(3.18) fi(s,t) = Z ﬁoj(n)einse_”2t for j=1,..,N,

n=—oo

and see that the series in (3.17) is &’ fa(s,t)/0t?. Consequently, it follows
from the generalized mean-value theorem and (3.17) that

(3.19) }gr(l) |f2(s,t)| /tN "1 =0 uniformly for s € Iy /2,
Also, we obtain from (3.18) that there exists a constant c¢ such that
1fi(s,t)] <ct™/2  for seTy, for 0 <t <1,
and for j =1,...,N.
Observing from (3.16) and (3.18) that

Z ameimvme—‘m\zt _ fl(xl,t) - fN(xNat)a

meAN

we conclude that

. 2
Z amelm'me_‘m‘ b < CN—lt(N—l)/2f2($2’t)/tN—l
meAN
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for © € B(xg,r9/2) and for 0 < ¢t < 1.
It follows from this last inequality and (3.19) that

. 2
}/i_H)EL) Z ame™ eI = 0 uniformly for 2 € B(zg,79/2).
meAN

SO > menn ame™® meets (3.9), and the proof of the necessary condition is
complete. W

To prove the sufficiency condition of Theorem 3.2, we will need the
following lemma:

Lemma 3.4. Let N > 2, and let E; C T be closed in the one-dimensional
torus topology for j=1,..,N. Also, let {\; 1}, be a sequence of functions in
D(T) having the following four properties:

(i)Su®(\jx) C Th\Ej;

o~

~

(44) limg 00 Ajk(n) =0 for n # 0;

(iv)3IM >0 such that Y .2 ‘Xjk(n)‘ <M < o0,

for j=1,...N and k =1,2,.... Furthermore, suppose S € A(Tn) has the
following property:

(3.20) S=01in TN\El X oo X EN.

Then S = 0.

Proof of Lemma 3.4. To prove the lemma, for i = 1,...N, we define

N N
(3.21) Mp(®) =YY Nywlag) - Nk,

J1=1 7i=1
where the sum is over all -tuples (jl,,,,,ji) from the numbers (1, ..., N) with
n<jo<js<---<j;, and we set
N

(3.22) me(x) = D (=) ().

i1
In particular, for N = 3,
ne(®) = Ap(z1) + Aop(z2) + Asp(23) — A (@) A2k (22)
—ALk(z1) A3 (23) — Ao (22) A3 i (3)
+ A1k (@1) A2k (22) A3 1 (3).
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From (ii) in the hypothesis of the lemma, (3.21), and (3.22), we obtain

N
(3.23) lim 7,,(0) = Y _(~1)"""! < N > =1.

k—oo £ 7
i=1
. . . N-1 . N -1
Likewise, we have for m; # 0 since ) ;"5 (—1)* < ; ) =0, that

M,(m,0,...,0) = 0(1)/)\\1,k(m1) as k — oo uniformly for |m4| > 0,
and in general that for mq---mj, #0,1 < jo < N —1,

ﬁk(ml, ceey mjo, 0, ceey 0)
= o(1) (= 1) X (m1) - - - Ajo g (mg0) as k — o0

uniformly for |my...mj,| > 0 because Z?:Ojo(—l)" < N ; Jo > =0.

On the other hand, 7, (m1,...,my) = (—1)N+1X1,k(m1) e XN,k(mN) for
mq---MN 75 0.
Summarizing these last two facts, we have that if m # 0,
(3.24)
Mg(m) = o(1)(=1)" " \j k(my,) -+ Aj, k(my,)  when my---my =0
with mj, ---m;, # 0 as k — oo uniformaly for |m;, ---m;.| > 0.
ﬁk(m) = (—1)N+1)\1,k(m1) te )\NJf(mN) when mq---MN 75 0.
Next, we see from the hypothesis of the lemma that £ x --- X Eny C Ty

is a closed set in the torus-topology. Also, we have that 7, € D(Ty) and
from (3.21) and (3.22) that

Su®(ny,) C Tn\E1 x -+ x By,
for k=1,2,....
It follows from this last fact and (3.20) that
S(me¢) =0 Vo € D(Iy).

Hence the distribution 7,8 = 0 Vk. But then it follows from (3.7) in Appen-
dix B that

(3.25) Z @)S(m—p)=0 VmeAy and Vk.
PEAN

Also, by Proposition 3.3 in Appendix B, the series in (3.25) is absolutely
convergent.

Next, we let 0; = =1 or 1 for j = 1,..., N and define

Ik(él, vouy 5N§ m)

(3.26) =3 Bpi0, e pnON)SIm — (p161, ., PN ON)]-
p1=1 pn=1
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So in particular for N = 2, we have I(1,1;m), I(1,—1;m), Ix(—1,1;m),
and Ir(—1,—1;m).

It follows from (3.24), (3.25), and (3.26), and (iv) in the hypothesis of
the lemma plus the fact that S(m) is uniformly bounded that

(327)  —7,(0)S(m) = > I1(81, ., 63 m) + o(1) as k — oo.
S1==+1,.. oy==+1
If we show that for each choice of (d1,...,dn ),
(3.28) klim I (61, ...,6n;m) =0,

it will then follow from (3.23) and (3.27) that S(m) = 0 for every m € Ay.
But then from Theorem 3.2 in Appendix B, we see that S = 0, which is the
desired conclusion of the lemma. Therefore the proof of the lemma will be
complete once we establish (3.28).

Fix m and let € > 0 be given. We show (3.28) holds by showing

k—o00
With M as in condition (iv) in the hypothesis of the lemma, we use (3.5)
and choose an integer P sufficiently large so that
(3.30) ‘g(m —p)‘ <eM™N for min(|p1],...,|pn|) > P.
Next, we introduce various sets of lattice points in the positive octant
as follows for j =1,..., N:

Qip={p:1<p;<P1<p <oo,P+1<p,<o0;
(3.31)
i=1,.j—landn=j+1,..N}.

In case j =1 or N in (3.31), the obvious interpretation is to be given.
Also, we set

Q={p:1<pi<oc,i=1,..,N},
(3.32)
Qp={p: P+1<p <oo,i=1,.,N}

We observe from (3.31) and (3.32) that for N > 2,

(3.33) Q=UY1Q;pUQp.

By hypothesis, S € A(Ty). We therefore see from the definition of A(Ty)
and (3.4) that there exists a constant ¢ such that ‘§(m - p)‘ < c¢ Vp. Con-
sequently, we have from (3.24) that for p € Q,

Tk(P101, -, pNON)S[m — (p101, ---7PN5N)]‘

< Ap(pr6r) - - Xz\r,lc(chSN)‘ :
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From condition (iv) in the hypothesis of the lemma, from the definition
of Qj.p in (3.31), and from this last inequality, we conclude that

> e, p M6 101, -, pnON)S[m — (P11, ---,pN5N)]‘
(3.34)

< MM 12 -—1‘ ]k(pjé)

for j =1,..., N. But from condition (iii) in the lemma, we have

lim Z ‘Xj,k(pjéj)‘ =0.

k—o0
So we infer from the inequality in (3.34) that

Jm > ‘ﬁk(p151,---,pN5N)§[m—(p151,---,pN5N)] =0
pEQ; p

for j =1,..., N. Hence from (3.26) and (3.33), it follows that

lim supy,_, o [1(01, ..., Oy m)|

(3.35) < lim sup Z "ﬁk(plél, o PNON)S[m = (p161, .., PN ON)]| -

k—o0 ’
peQP
Next, we see from (3.30) and (3.32) that
‘g[m — (p101, --->pN5N)]‘ <eM™™ for peQp

and consequently from (3.35) that

limsupy oo [Ix(01, ..., On;m)|
(3.36) <eM Nlim sup Y [7(p161, -, pNON)] -

k—o00
peQp

But from (3.24) and (3.32),

> [Ae(p161, - pnON))| Z Z ‘Alk p161) - AN k(PNON)| -
pEQP p1=P+1 pn=P+1

So we conclude from (3.36), condition (iv) in the hypothesis of the lemma,
and this last equality that
lim sup |[Ix(d1,....,0n;m)| < e.
k—o0
This establishes the inequality in (3.29), and the proof of the lemma is
complete. M
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Proof of the Sufficiency Condition of Theorem 3.2. Let {V,7}2°, be

a sequence of J-tuples with positive integral entries, i.e., Vk‘] = (v,i ,...,v;j)

with UZ a positive integer for j = 1,...,J. We say {V;/}2°, is a normal
sequence provided

lim !blvi +-- 4+ b‘]vﬂ =00

k—o0
for every J-tuple B = (b' ,...,b7) with each entry an integer and at least
one entry different from zero.

A set E C 17 closed in the one-dimensional torus topology is called an

H)_set provided the following holds:

There is a normal sequence {Vk‘] 172, and a parallelopiped Q C T
where

Q={z:—71<oj<z;<Bj<m j=1,..,J}
such that
s € E = (svi, ...,svg) € T;\Q mod 27 in each entry for k =1,2, ...,

ie., (svj, ...,svg) € R/\Q* where Q" = Upea,{Q + 2mm} and Ay is the
set of integral lattice points in R.
What we want to show is

E; CTyis an H™i)_get for j=1,..N,
= E) X --- x Ey is a set of uniqueness for A(Ty).

In order to do this, we first prove the following:

Given a set £ C T7 that is closed in the one-dimensional torus topology
and that is also an H(/) -set, there is a sequence {\e}32, with the following
five properties:

(1) Aw € D(T1);
(i1) Su®(\) C T1\FE;
(3.37) (i) Timg oo Ak(0) = 1;
(iv) limy_co Ag(n) =0 for n # 0;

(v) 3M > 0 such that > o2 ‘/)\\k(n)‘ <M

where M is a finite number and k = 1,2, ....
To establish (3.37), let {V;7}22, be the normal sequence and Q C Ty
be the parallelopiped associated with the H())-set E. Also, let
Qj = (ay,8;) CTh

be the one-dimensional open interval for j = 1,...J such that

Q=Qix Q.
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Next, select numbers a/, B, o, 7 such that
—T<oj<a;<a] <pj<py<pfy<m  for j=1,..,/J
and define the functions of one real variable n;(s) € D(T1) such that

n;(s)=1 in [af, 5]
(3.38)
=0 in [_ﬂ—? W]\[CM;, B_/y]
and also such that
(3.39)

7;(0) =1 where 7;(n)= (277)_1/ nj(s)e_i”sds n=0,%1,+2, ..,

—Tr

for j=1,...J.
Next, define
(3.40) Ai(s) =y (vgs) - -y (vils)

for k=1,2,.... Since vi is a positive integer and n;(s) € D(T1), it follows
that nj(vis) € D(T1). Hence, from (3.40), we obtain that \i(s) € D(11),
and (i) of (3.37) is established.

To establish (ii) of (3.37), set

Qj = UpZ_o{@j +2mn}
and observe that
Q" = Unea{Q+2mm} = Q] x - x QF.

Fix k and note that because E is an H(/)-set, it follows that for s € E,
(svi, - sv,‘g) ¢ Q*. Let sg be a fixed point in E. Then there exists a j such

that sgv], ¢ @j. For simplicity, say j = 1. Then sovt ¢ Q7. Also, because Q}
is a closed set, Je > 0 such that for s € (so — ¢, 50 +¢), svi ¢ Q;. But then
it follows from (3.38) that

m(vis) =0 for s € (sg—€,80+¢€).
Hence, we obtain from (3.40) that
Me(s) =0 for s€ (sg—¢e,80+¢).

We conclude there exists a set G that is open in the torus topology of
T such that £ C G and

Ae(s) =0 for seG.

On the other hand, Su®(\;) C T} is a set closed in the torus topology
of T1. So we obtain from this last equality that

SuC(\)NE = @,
and (ii) in (3.37) is established.
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To establish the last three items in (3.37), we observe that

o

; ~ vl
n;(vs) = Z 1;(n;)et™ s,

nj=-—00

for j=1,...J. Consequently, we see from (3.40) that

M) = Y Aumens

where

(3.41) )= > ) ()
TL]UI}:"F""‘FW/J'UkJ.:n

for k=1,2,....

From (3.39) and (3.41), we obtain that
Ak(0) = 14 X,(0)
where

~/ ~ ~
(3.42) A\,(0) = Z ni(n1) -+ ny(ng) for 0<|ng|+---+|ny|.

n1U11€+"'+77/J'l)kJ:O

Let £ > 0 be given.We will establish (iii) in (3.37) by showing

(3.43) lim sup

k—oo

X;g(O)‘ <e,

and therefore that limj_, 3\\;(0) = 0.
To accomplish (3.43), we first note that there exists a constant ¢ such
that

e e}

(3.44) S By <c for j=1,..J.

nj=—00

Also, we see there exists an integer rg > 0 such that

(3.45) Z 7;(n;)| < ec W=D =1 and for j =1,...J.
Injl=ro+1

Next, we set
(3.46) A;{O ={(n1,...,n5) € AJ\{0} : |nj| <rg for j=1,..0}.

Since A;{'O is a finite set of nonzero lattice points, we observe from the
definition of a normal sequence that there exists a positive integer kg such
that

‘nlv,ﬁ—l—---+n(}v;€]|21 for (nl,...,nJ)eA;lo and k > k.
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Consequently, if k£ > ky and nlv,i + -4 nng = 0 then at least one of the
nj is such that |n;| > ro + 1. Hence, we obtain from (3.42) and (3.44) that

0(<{Z Z Z!mnl s(ns)l

|n1\—r0+1”2——00 nj=—oo
00

FYOY Y Y e A+
n3=—oo \n2|—7’0+1 n3=—oo nj=-—oo

oo e ) e ) 0o
D DD DRI DR R A YRR G}
n1=—00 N2=—00 nj_1=—00 |ny|=ro+1

o) 00
N-—-1 ~ N—1 ~
< c Z mi(n)[+---+c Z 75(ns)|
In1|=ro+1 Ing|=ro+1

for k > k.
We see from (3.45) and this last inequality that

‘X;(o)( <e for k> ko

Therefore (3.43) is indeed true, and (iii) in (3.37) is established.
Next, let n* # 0 be an integer, and let € > 0 be given. We will establish
(iv) in (3.37) by showing

(3.47) lim sup ‘Xk(n )| <e.

k—o0

where Aj,(n*) is given by (3.41).
To do this, we will again use (3.44), (3.45), and (3.46) with a very similar
argument as before and choose k* > 0 so that

‘nlv,i+- +7’LJ’Uk‘>|7'L |+ 1 for (ni,... J)GA;IO and k > k*.

Consequently, if & > k* and nlvk +- nﬂ)g = n”* then at least one of the

nj is such that |n;| > ro + 1. Hence, we obtain from (3.41) and (3.44) that

RS NESR B DU DERTTE SN NCH P )
naj=ro+1na=—00  ny=—00
(o] o0 o0 o0
D DEED DR DI S YR MCH RS
n1=—00 |ng|=ro+1n3=—00 nj=—o0
o [o.¢] o o
DD DY > na) - yng)l}
n1=—00 Ng=—00 nj_1=—0o0 ‘nJ‘:TO‘Fl
(o] o
< NS )+ T (i)
In1|=ro+1 [ng|=ro+1

for k > k*.
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We see from (3.45) and this last inequality that

‘Xk(n*)‘ <e for k>Fk"

This last inequality shows that (3.47) is true and establishes (iv) of
(3.37).

It remains to show that (3.37)(v) is true. To do this, we observe from
(3.41) that

[e.e] e}

> | = XY e
n=—00 n=-—00 nlvi—l—---—l—nJUk =n

< Z Z m1(na) - -0 y(ng)
ni=—oo nj=—o00

< D )l Y fis(n)l
ni{=—o00 nj=—00

for k =1,2,.... But then it follows from (3.44) and this last inequality that
Z ‘/)\\k(n)‘ < CJ

for k =1,2,..., and (3.37)(v) is established with M = ¢’.

From (3.37), we see that if E; C T} is both closed in the one-dimensional
torus topology and an H()-get for j = 1,...N, then we have sequences
{A\j k172, that meet the conditions (i)-(iv) in Lemma 3.4. Therefore, it fol-
lows from this lemma that the Cartesian product set 1 X - -+ X Ep is a set
of uniqueness for the class A(Ty).

Summarizing, we see that we have established the following result:
(3.48)

E; CTis an H®) —get for j=1,...N,

— E1 X - -+ X Ey is a set of uniqueness for A(Ty).

Next, let E; C T be both closed in the one-dimensional torus topology
and an H(i)-set for | = 1,..,7; and j = 1,..N where nj is a positive
integer. Set

-
(349) Ej = UlilEﬂ
for j = 1,...N and observe that
(3.50) Eyx---xEy=U" .- u]gzlElh X - X Enpy-
But Ey, X --- X Enj, is a set of uniqueness for the class A(Ty) by

(3.48). Therefore, from (3.50), Eq X - -+ x Ex is a finite union of sets of
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uniqueness. Hence, it follows from Proposition 3.1 that
(3.51) Ey x --- x Ey is a set of uniqueness for the class A(Tx),

where £ is given by (3.49) for j =1,...N.
Next, we see from [Zy2, pp. 152-3] that because 5]-_1 is an S number,
C(¢;) is a finite union of H™ gets, i.e.,
C(fj) = U7i1Ejl
where Ej; C T} is both closed in the one-dimensional torus topology and an
H™i)get for | = 1, ..., - This last fact is true for j = 1,...N. Therefore,

C(&) x---x C(&y) is just like By x --- x En in (3.50). Hence, we conclude
from (3.51) that

C(&) x -+ - x C(&y) is a set of uniqueness for the class A(Ty),
and the sufficiency condition of Theorem 3.2 is established. W

Proof of Corollary 3.3. To prove the necessary condition of the corollary,
we observe from the theorem just established if

C(p1/q1) X -+ x C(pn/qn) is a set of uniqueness for the class A(Tw),

then g—; is an S number for j =1, ..., N where ¢; and p; are relatively prime
positive integers with ¢; > 2p;. In particular, g—; is an algebraic integer.
Hence, p; = 1 for j = 1,..., N, and the necessary condition of the corollary
is established.

To prove the sufficiency condition of the corollary, we observe that if
gj > 2 is a positive integer for j = 1,..., N, then it is an S number. Hence,
by Theorem 3.2, C'(1/q1) x --- x C(1/qn) is a set of uniqueness for the class
A(Ty), and the sufficiency condition of the corollary is established. W

In the theorem we just established, the sets of uniqueness for the class
A(Twn) were Cartesian product sets. Next, we introduce a strictly smaller
class B(Tn) € A(Tw), which possesses sets of uniqueness that are not Carte-
sian product sets. Some of these sets arise in the theory of fractals where they
are called carpets in two dimensions and fractal foam in three dimensions
(see [Man, p. 133]). Examples will be given at the end of this section.

We define the class B(Ty) C D'(T) in the following manner:

B(Ty) ={S €D'(Ty): lim S(m)=0}.
|m|—o0

It is clear from (3.4) and (3.5) above that B(Txy) C A(Ty). After the
proof of the next theorem, we will present a set £ C T such that E is a
set of uniqueness for B(T) but E is not a set of uniqueness for A(Tx).

We say E is an H#-set provided E C T is closed in the torus topology
and the following holds: There is
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(i) a sequence {pk}z":1 of integral lattice points p* = (p¥, ...,p’fv) with

p? >0 and limkqoopf =oo for j =1,...N, and
(ii) a parallelopiped @ C Ty  where
Q={z:—71<oj<z;<fBj<mj=1.,N},
such that
€ E= (x1p},...,2npk) € TN\Q mod 27 in each entry
for k=1,2,.., i.e., (z1pf,...,2nphk) € RV\Q* where
Q" = Umeay{Q + 2mm}

and Ay is the set of integral lattice points in RV,
We intend to prove the following theorem for H#-sets [Sh3]:

Theorem 3.5. Let E C Ty be closed in the torus topology and an H¥ -set.
Then E is a set of uniqueness for the class B(Tn).

To prove Theorem 3.5, we will need the following lemma that is similar
to Lemma 3.4 but has a much easier proof:

Lemma 3.6. Let E G T be closed in the torus topology. Also, let {\}re;
be a sequence of functions in D(Tx) having the following four properties:

(1) Su®(\p) C TW\E  Vk;
(i1) limy_o0 Ak(0) = 74 > O;
(797) limg_ o0 Xk(m) =0 for meAy, m=#0;

(iv) 3M >0 such that 3, ‘Xk(m)‘ <M< oo Vk.

Suppose, furthermore, that S € B(Tx) and that S =0 in Ty\E.
Then S = 0.

Proof of Lemma 3.6. To prove the lemma, we observe from (i) that for
each k, the support of A\; is in the open set Ty \E. In addition, S = 0 in
Tn\E. Consequently,

S(A\k) =0 V¢ € D(Ty) and V.

Therefore, the distribution A\;S = 0 Vk. Hence, from Proposition 3.3 in
Appendix B, we obtain that

(3.52) 0= Z Xk(p)g(m —p) form e Ay and Vk.

peAn
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Let mg be an arbitrary but fixed integral lattice point. If we can show
(3.53) S(mg) = 0.

it will follow that S(m) = 0 for m € Ay. Theorem 3.2 in Appendix B then
tells us that
S(¢)=0 V¢ e D(Iy)

and completes the proof of the theorem.
To establish (3.53) we invoke the equality in (3.52) and see that

(3.54) — (0 = Nep)S(mo —p) k.
p#0

Let £ > 0 be given. Then because my is a fixed integral lattice point and
S € B(Ty), we have the existence of an sy > 1 such that

‘g(mo —p)‘ <eyy/M for |p| > so.
From (iv) and (3.54), we then infer that
‘)\k mo)‘ < ‘)\k (mo —p)| +evy V.
1<|p|<s0

But there are only a finite number of lattice points p involved in the
summand of this last inequality. Consequently, on passing to the limit as
k — oo, we obtain from (ii) and (iii) and this last inequality that

90| Smo)| < e,

Hence, ‘§ (mo)‘ < e. Since ¢ > 0 is arbitrary, we have that the equality in
(3.53) is indeed true. W

Proof of Theorem 3.5. Since F is closed in the torus topology and an
H#-set, it is easy to see that E is a proper subset of Ty, i.e., E ; Ty.
Therefore, to establish the theorem, it is sufficient to show the existence of a
sequence of functions { A };—; in D(Tn) having properties (i)-(iv) in Lemma
3.6.
In order to do this, we choose numbers af, B, o, 37 such that
—T <o <a;<aj <pj<p;<pBj<m for j=1,..N,

where a; and (3; are the numbers used in the definition of an H #_set and
set

Q' = (ay,p7) x -+ - x (ay, By) and Q" = (af, BY) x - - - x (ay, By)-
Then Q" & Q' S Q where Q = (a1, 81) X -+ x (an, By). Also, for z € E
(3.55) (e, ... piven) ¢ Q° Yk,

where Q* = Upeay {@ + 27m} and p;? are positive integers for j = 1,..., N
with pg? — 0Q.
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Proceeding with the proof of the theorem, we select a function A(z),
which is in class C*°(RY) and periodic of period 27 in each variable with
the following properties:

(i) AM(z) =1 for z € Q";
(3.56) (i1) AM(z) =0 for z € TN\Q';

(731) AM(z) >0 for x € T.

To obtain the sequence {\;}p; in D(Tn), which is alluded to in the
paragraph above, we let p;? be the positive integers in (3.55) and define

(3.57) Me(z) = Aphzy, ..., phay) Vee RN and Vk.

Then, it is clear from the properties of A\(x) that for each k, Ay (z) €D(Ty).
To verify that (i) of Lemma (3.6) holds for the sequence, we fix k and
observe from (3.55) that given zy € E, 3sg > 0 then

x € B(xg,80) = (plfxl, ...,p?va;N) ¢ Q"

where Q™ = Upeay {Q' +2mm}. Hence, we obtain from (3.56)(ii) and (3.57)
that there is a set G C Ty open in the torus topology with F C G such that

Me(z) =0 for z€@.

Since Su®(A\;) C Ty is a closed set in the torus topology, we conclude
from this last equality that Su®(\;) N E = @ and (i) of Lemma (3.6) is
established for the sequence {A;}pe .

To show that the other parts of the lemma prevail for the sequence, we
see that A € D(Ty) implies that

Maz) = Z ’)\\(m)ei(m1x1+~~~+meN)
meAN

with the series converging absolutely and uniformly for 2 € RY. Conse-
quently, it follows from (3.57) that

(3.58) Ae(z) = /)\\(0) + Z /)\\(m)ei(plfmlw1+"'+p§va:BN) vk,
m##0

where the series converges absolutely and uniformly for x € Ty.
We recall that p;? > 0. Consequently, we obtain from (3.58) that

2:(0) = X(0)  Vk.

Also, we see from (3.56) that X(O) > 0. So (ii) of Lemma 3.6 is established
for the sequence {Ax}p ;.

To show that (iii) of the lemma is valid, we let mg be an arbitrary but
fixed integral lattice point with mg # 0. Since p;? — oo for j =1,...,N, it
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follows that Jkg > 0 such that for k& > ko,

N 1/2
> |pm,
j=1

for all m # 0. But then we obtain from (3.58) that
Xk(mo) =0 for k> k.

This establishes (iii) of Lemma 3.6 for the sequence { g}, -
It remains to show that (iv) of Lemma 3.6 holds for the sequence
{M}re - To see that this is indeed the case, we observe from (3.58) that

S )| < 32 Rom)| vk,

mEAN meAN

2
‘ > min (pf,...,p%) > |mo| + 1

which gives (iv) of Lemma 3.6 with M = > ‘X(m)‘ . So all the condi-

tions in the hypothesis of Lemma 3.6 hold for the sequence {\;};-; and the
proof of the theorem is complete. W

meAN

Next, with IV > 2, we present a set £ C Ty, which is closed in the torus
topology and is a set of uniqueness for the class B(Ty), but is not a set of
uniqueness for the class A(T).

With 0 < £ < 1/2, let C(&) designate the familiar Cantor set on the
half-open interval [—7,7) = T} used in the statement of Theorem 3.2. The
set F that will qualify for our example is

E=C(1/3) x C(2/5) x - -- x C(2/5).

It is clear that F is not a set of uniqueness for A(7T) because 5/2 is not
an algebraic integer, and therefore not an S number.

To demonstrate that E is a set of uniqueness for B(T), we observe that
E C F where

F=C(1/3)xTy x---xT.

We will show F is a set of uniqueness for the class B(T), which then implies
that E is also a set of uniqueness for the class B(Ty).

What remains to show by Theorem 3.5 is that F' is an H?-set. For the
set @ in the definition of an H#-set, we use

Q= (—7/3,7/3) x -+ x(—m/3,7/3).
For our sequence of integral lattice points, we take p* = (3k, e 3k). Then

given x = (x1,...,xn) € F, we have to demonstrate that for each k, there
exists an integer jp with 1 < jp < N such that

3%z, ¢ (—7/3,7/3) mod 21 Vk.
We will take ji = 1 for every k, and show that for ¢t € C'(1/3),
(3.59) 3kt ¢ (—n/3,7/3) mod 21  Vk.
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Recall that C'(1/3) is the classical Cantor set on the interval [—m, 7). So

(3.60) t= sz 2¢;377 — 7 where ¢; =0 or 1,
j=1
and not all €; = 1. We set s = ¢t + m, and see that (3.59) will be satisfied
provided that
ks —m ¢ (—7w/3,7/3) mod 21 Vi,

which is the same as

3ks ¢ (2n/3,47/3) mod 27 Vk.

This last fact is the same as
3ks/2m ¢ (1/3,2/3) mod 1 Vk.

But this last statement is obvious from the representation given in (3.60).
Hence F' is indeed an H#-set, and our example is complete.

Before giving examples of H7-sets that are not Cartesian product sets,
we will establish the following corollary (which for dimension N = 1, is
established in [Zy1, p. 318]).

Corollary 3.7. Let EC T be a set closed in the torus topology and also
an H#-set. Then, E is a set of N-dimensional Lebesque measure zero.

Proof of Corollary 3.7. Suppose, to the contrary, that E has positive V-
dimensional Lebesgue measure. Let x5 designate the characteristic function
(also called the indicator function) of E. Then

(3.61) Xe(0) >0,

and from the Riemann-Lebesgue Lemma (Corollary 2.4 in Chapter 1), it
follows that
lim Xp(m)=0.

Im|—o00
For ¢ € D(Tw), we define
(3.62) 56) = | xu(@)la)ds.
N
Clearly, S € D'(Tx), and from this last limit, we see that it is also in class
B(Ty).

Next, suppose ¢ € D(Ty) with
Su®(¢) C T \E.

Then, from (3.62), it follows that S(¢) = 0. But E is a set of uniqueness for
the class B(Tx). Consequently, S = 0. In particular,

X5(0) = S(0) =0.
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This contradicts the inequality in (3.61) and completes the proof to the
corollary. W

The final theorem we establish in this section, which is partially moti-
vated by [Sh6] (see also [AW2] and [AW3, p. 10]), is the following:

Theorem 3.8. Let 0 < & < 1/2 for j = 1,..,N where N > 2. A
necessary and sufficient condition that C(§;) X - -+ x C(§y) be a set of
uniqueness for the class B(Tn) is that at least one of {1_1, ...,EJ_Vl must be
an & number.

Proof of Theorem 3.8. We establish the necessary condition first. We are
given 51_1, ...,§]_V1, which are N positive numbers greater than 2 and none
of which are S numbers. Will show that this implies the existence of a a
trigonometric series ) An ame™?* with a,, = @_,,, which has the four
properties listed below.

(3.63) || is uniformly bounded for m € Ay.
(3.64) ‘ llim lam| = 0.
(3.65) dmg € Ay such that a,,, # 0.
If o€ TN\C(§;) X -+ x C(€y), then 3 79 > 0 such that
: im-x_—|m|*t — :
(3.66) %E)I(l) ; ame™ e 0 uniformly for x € B(xg,70).
meAN

Just as in the proof of the necessary condition of Theorem 3.2 (see (3.10)-
(3.12)), the existence of a series with properties (3.63)-(3.66) will imply the
necessary condition for Theorem 3.8. In particular, (3.64) shows that we are
now dealing with the class B(Ty).

To demonstrate the existence of a series with properties (3.63)-(3.66),
we proceed as follows:

With C(§;) C T, 0 <§; <1/2, we use the familiar Lebesgue-Cantor
function (see [Zyl, p. 194, [Sa, p. 101]) associated with C(¢;) to obtain a
nonnegative Borel measure v; on Ty with the property that v;[C(§;)] = 1
and v;[T1\C(§;)] = 0. Also, v; is nonatomic, i.e., v;[{s}] =0 Vs € T1. We
set

(3.67) vj(n) = (277)_1/T e "™dy(s) forn=0,41,42,....
1

It follows from (3.67) that 7j(n) = 7;(—n) and also that the sequence
{7j(n)}s>_ is uniformly bounded. In particular, it is easy to see that this
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last fact implies that there is a constant ¢ such that

o0
(3.68) Z Dj(n)emse_wzt <t ™2 VYse T and for 0 < t < 1.

n=—o00
From [Zy2, p. 151], we also observe that

(3.69) ¢:1is not an S number = lim j(n) = 0.

J |n|]—o0
All this was for j = 1,..., N. To obtain the coefficients a,,, we set
(370) Am = Dl(ml) s DN(mN) VYm € Ayn.

It is clear from (3.67) and (3.70) that a,, = @_,, and that the coefficients
ap, meet (3.63). This last fact joined with (3.69) and (3.70) shows that
the coefficients a,, also meet (3.64). Also, we see from (3.67) joined with
(3.70) that ag = (27) V. So the coefficients a,, also meet (3.65). It remains
to show that the coefficients a,, also meet (3.66). The proof for this fact
proceeds exactly as before using (3.17)-(3.19). Hence the necessary condition
for Theorem 3.8 is established.

To show that the sufficiency condition holds, for ease of notation, we will
prove the theorem for the case N = 3. A similar proof prevails for N = 2
and for N > 4.

We are given C(£;) x C(&,) x C(&3) where at least one of &1, 651, ¢3!
is an & number. Without loss of generality, we shall suppose 51_1 isan S
number. Hence, it follows from [Zy2, pp. 152-3.] that C'(£;) is a finite union
of H)-gets. Since the analogue of Proposition 3.1 holds for the class B (Tn),
to show that C'(&;) x C(&;) x C(&3) is a set of uniqueness for the class B(T3),
it is sufficient to show that

E x C(&,) x C(&3) is a set of uniqueness for the class B(T53)

where E C T} is an H)-set that is closed in the torus topology. This last
fact, in turn, will follow if we demonstrate that

(3.71) E x Ty x Ty is a set of uniqueness for the class B(T3)

where E C Ty is an H/)-set closed in the torus topology and J is a positive
integer.

So once we show that (3.71) holds the proof of the sufficiency condition,
the theorem will be complete. We now do this.

Since E x T1 x 17 is a set closed in the torus topology of T3, it follows
from Lemma 3.6 that (3.71) will be established once we show the existence of
a sequence of functions {A\;}32; in D(T3) with the following four properties:
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(3.72)
(1)Su®(\p) C T3\ E x Ty x T Vk;

(79) limg_ 00 Xk(O) =7y > 0;
(447) limg_ o0 Xk(m) =0 for me Az, m#0;

(iv)AM >0 such that

Me(m )‘§M<oo vk

meAs

where A3 represents the set of integral lattice points in R3.
In order to obtain the sequence {\;}32,, we use the fact that £ C 77 is
an H/)-set (see the definition above (3.37)) and let {V;/}2°, be the normal

sequence and Q C T; be the parallelopiped associated with the H(/)-set
E. Also, let

Qj = (a;,8;) CTh
be the one-dimensional open interval for j = 1,...J such that
Q=01 x---Qy.
Next, select numbers o, 37, of, 37 such that
—m<oj<a;<a] <pj<py<pfi<m  for j=1,..,/J

and define functions of one real variable 7;(s) € D(T1) such that

" i

nj(s)zl in [aj, j]

(3.73)
=0 i [-ma)\a). 5]
and also such that
(3.74) 7;(0) =1 where 7);(n)= (2m)~t /ﬂ nj(s)e_msds
forn =0,4+1,42,..., and for j=1,...J. Also, set '
(3.75) n741(8) = n752(8) = m1(s).

Next, with = = (x1, 2, x3), define

(3.76) Ae(@) = ny(vpar) -y (f@n)n g (3R a2)n s o (35 2s).

for k =1,2,.... Since fui is a positive integer, it follows that A\ € D(T3). It
remains to show that {\;}72, meets the conditions (3.72)(i)-(iv).
To establish (i) of (372), set

Q = U’?LO_—OO{Qj + 271'71}

and observe that

Q" = Umen, {Q +2mm} = Q1 x - X Q]
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where A represents the set of integral lattice points in R”.
Fix k and note that because E is an H))-set, it follows that for z; €
E, (v, ... ’uk a:l) ¢ Q*. Let 29 be a fixed point in E. Then there exists a

j such that v], 29 ¢ @j. For simplicity, say j = 1. Then fuk 9 gﬁ Q7. Also,

because Q7 is a closed set, 3e > 0 such that for z1 € (29 —¢, 20 4¢) ,v}2;
¢ Q7. But then it follows from (3.73) that

miz) =0 for z1 € (2¥ —¢,29 4 ¢).
Hence, we obtain from (3.75) and (3.76) that
Me(2) =0  for z1 € (29 —¢,29 +¢) and 29,23 € T1.

We conclude there exists a set G, which is open in the torus topology of
T3 such that £ x T7 x T} C G and

Me(z) =0 for x €.

On the other hand, Su®(\;) C T3 is a set closed in the torus topology
of T5. So we obtain from this last equality that
Suo()\k) NEXTIxTh =9

and (i) in (3.72) is established.
To establish the last three items in (3.72), we observe from (3.74) that

[e.e]

(3.77) n;i(s) = Z ﬁj(n)ei”s for s €1y,

n=—oo

and that there is a constant ¢ such that

(3.78) Z [;(n)| <c for j=1,.,J+2
It then follows from (3.76) that
(3.79) Me(z) = Y Ap(m)e™®

meA
where /)\\k(m) = 0 unless there are integers pji1, pj+2 such that
my = 3*psi1, ms =3 psia,
and there is a p = (p1,..,ps) € Ay such that
my=uvipy+ -+ vipy.

If this is the case, then it follows from (3.76) and (3.77) that

(3:80) Ar(m) =71 (P41 42(pos2)] > M1(p1) - - - ()]

vllcp1+v'v+vipJ=m1

It is clear from (3.77) and (3.80) that

S e = Y el Y fire@a)] <

meA3 p1=—00 PJ42=—00
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which establishes (3.72)(iv) with M = ¢/*+2.
Next, we see from (3.74) and (3.80) that

(3.81) Ne(0) = 1+ A (0)
where
~/ ~ ~
(3.82) A(0) = > M(p1) - -ny(ps) for 0 <|pi|+---+[py|.

plvllﬂ+~~~+p(]v]{:0
Let £ > 0 be given. We will establish (ii) in (3.72) by showing
(3.83) lim sup X;(O)‘ <e,

k—oo

and therefore that limj_, X;C(O) = 0.
To accomplish (3.83), we see there exists an integer 79 > 0 such that

(3.84) > i) <ec™ DI and for j=1,..J
|pjl=ro+1

where c is the constant in (3.78). Next, we set

(3.85) A;,]O ={(p1,.-,ps) € AJ\{0} : |pj| < g for j=1,...J},
and use exactly the same reasoning and same computation used in the para-
graph below (3.45) to obtain the inequality in (3.83) from (3.84) and (3.85).
Since ¢ is an arbitrary positive number, it follows then from (3.83) that
lim 2 (0) = 0.
We consequently conclude from (3.81) that
Jim N(0) =1,
and (ii) of (3.72) is established.
It only remains to show that (3.72) (iii) is valid. To do this, let
m* € Ag\{O}
be a fixed lattice point, and let € > 0 be given. We will show that (3.72) (iii)
holds by demonstrating that

(3.86) lim sup ‘Xk(m*)

k—o0

If m% # 0, then according to the discussion in between (3.79) and (3.80),
if no integer p 4o exists such that m3 = 3kp J+2 , then
Ne(m*) = 0.

Obviously, since mj # 0 is fixed, if k is sufficiently large, there is no such
integer pjio. Consequently,

<e.

ms # 0= klim Xi(m*) = 0.
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Similar reasoning applies when m3 # 0. So, in particular, (3.86) is estab-
lished in these two cases, and therefore we need only consider the situation
when

m* = (m7,0,0) where mj # 0.
In this case, it follows from (3.74), (3.75), and (3.80) that
(3.87) Ap(m”) = > M1(p1) - - - (pJ)]-
vip1+tvpr=ms
With A;IO defined in (3.85), we choose ko so that
k> ko = ‘Ulip1+"'+vng‘ > [mi| + 1.

Consequently, if k > kg and vépl 4+ 4 vk‘]p J = m]j, then for at least one
Py,

Ipj| > ro+ 1.
Hence, we obtain from (3.78) and (3.87) that

o o o
e < 03 > Y ) se)]
|p1|=ro+1p2=—00 pj=—00
o o o (o]
5 SHD S SRS S T BT FARINEN
P1=—00 |pa|=ro+1p3=—00  pj=—00
o0 o o0 o0
DN IR DR SR VRN
P1=—00p2=—00 PJ—1=—00 |ps|=ro+1
o o
< N Z ()] + -4V Z 15 (np.)|
Ip1|=ro+1 Ips|=ro+1
for k > k.

We infer from (3.84) and this last set of inequalities that
‘Xk(m*)‘ <e for k> ko.

This establishes (3.86), which implies that (3.72)(iii) is valid, and com-
pletes the proof of the sufficiency condition to the theorem. W

The sets of uniqueness for the class B(T) that we dealt with in Theorem
3.8 were all cartesian product sets. From Theorem 3.5, we also have that
H#-sets are sets of uniqueness for the class B(Ty), and what is interesting
is that there are H#-sets that are not Cartesian product sets. It turns out
that these sets, which we will discuss, also arise in the mathematical theory
of fractals. The examples presented here are from the article Fractals and
Distributions on the N-torus [Sh3].
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For ease of notation, we will work on the unit N-torus, T’ 1{77 which we

define as
Ty ={r:0<z; <1, j=1,..,N}L

If E C Ty is closed in the torus topology of T4, we say it is an H #_set
on T]{, provided

(i) there is a sequence {p¥}$° , of integral lattice points p* = (pf, ..., p&)
with

pf >0 and limk_)oopf =oo forj=1,..N, and
(ii) a parallelopiped @ C T]{, where
Q={z:0<a;<z;<p;<1, j=1,..,N},
such that
€ E= (z1p},...,anpl) € TH\Q mod 1 in each entry,

for k=1,2,....

The first example of an H#-set that is not a Cartesian product set that
we look at arises in dimension N = 3, and is referred to by Mandelbrot as
triadic fractal foam [Man, p. 133]. We define it on Tgl, the closed unit cube
in R?, and refer to it as TFF. The H#¥-set of our example will then be

(3.88) E=TFFNTj.

To define TFF, subdivide T4 into 27 closed congruent cubes by cutting
T3 with planes parallel to the three axes, i.e., z; = 1/3, 2/3 for j = 1, 2,
3. Each cube has a distinguished point within it, namely 27!, which is the
point with the smallest Euclidean norm in each cube. Each 27" corresponds
to a unique triple

(3.89) 2t (e1,61,¢4)

with 270! = (1/3,61/3,(,/3) where €1,81,¢; rtuns through the numbers
0,1, 2 with one caveat: we do not allow the triple with ey = d; = (; = 1 since
we are going to remove the open cube corresponding to this point. We shall
define an ordering on different triples of the nature (£1,41,¢;) # (€}, 67, ¢h)
as follows:

(3.90) (1,01,¢1) < (€], 01, (1) means

(i) e1 < €} or (ii) e = €} and §; < §] or (iii) €1 = €} and §; = &} and
¢y < ¢}. This also imposes an ordering on { 27t''} via (3.89).

Now we have 26 triples, and we count them out according to this <-
ordering, giving us {le’l}??zl. Thus, z''' = (0,0,0), 2! = (0,0,1/3),
3t = (0,0,2/3), 2! = (0,1/3,0),..., 225! = (2/3,2/3,2/3). The closed
cube, which has 270! as its distinguished point, will have the label 711, We
then define I' T3 to be the closed set

I' = U??:lljl,l'
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In each of the 26 cubes, which have sides of length 1/3, we now perform the
same operation as above, obtaining (26)? cubes, which now have sides of
length (1/3)2. Each of these last mentioned cubes has a distinguished point

2% = 37 4 (5/3%,62/3%,(5/3%)

where €9,02,(y runs through the numbers 0,1, 2, and we do not allow the
triple with €2 = d3 = (5 = 1. These triples have an ordering imposed
on them by (3.89), which, in turn, gives an ordering on {2722} defined as
follows:

2922 < 2922 means

(3.91) (i)' < 270! or (i)zt = 2701 and (2,89, Co) < (gh, 8y, Ch).
We then count out the (26)? points according to this ordering and obtain

. 2 .
{$32’2}§-§6:)1. The closed cube contains z72:? as its distinguished point, and
we will call it 1722, We then define 12 C I' C T3 to be the closed set

26 2 .
(3.92) 2 =ul 22,

In each of the (26)? cubes that have sides of length (1/3)2, we now
perform the same operation as before obtaining (26)% cubes with each
having sides of length (1/3)3. We get distinguished points in each of these
cubes and put an ordering on them similar to the procedure in (3.91) to
obtain {a:j3’3}§-§6:)i . Next, in a procedure similar to (3.92), we get the closed
set I? with I3 c 12 Cc I' C Ty.

Continuing in this manner, we get the decreasing sequence of closed sets
{I"}°°, with I"t! C I™ C T3 where each I™ consists of (26)" cubes each
with sides of length (1/3)™. The closed set TFF' is then defined to be
(3.93) TFF =np2,I".

With E defined by (3.88) where TFF' is defined by (3.93), we see that
F is closed in the torus sense because every point in the boundary of T31
is contained in TFF. We will demonstrate that E is an H#-set by showing
that

(3.94) z € FE = (3*x1,3%1y,3%23) € E mod1 in each variable

for k, a positive integer, where x = (z1, x2, x3). For recall, the first open cube
removed above had sides of length 1/3 and a distinguished point (1/3,1/3,
1/3). So if we take the @ in the definition of an H#-set to be

Q = (4/9,5/9) x (4/9,5/9) x (4/9,5/9),
it will follow from (3.94) that
z € E = (3%21,3%29,3%23) ¢ Q mod1 in each variable.

Therefore, once (3.94) is established, it will follow that E is indeed an H#-set
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To show that (3.94) holds, it is clearly sufficient to show that it holds in
the special case when k=1, i.e.,

(3.95) x € E = (3x1,322,323) € E mod1 in each entry.
It follows from the definition of TFF in (3.93) that given z, € TFF,

3 {a"}2° |, where each 2" is a distinguished point of one of the (26)"

cubes in I" of sides (1/3)" such that
‘xf)”" — :E0| — 0 asn — co.

Consequently, since E is closed in the torus topology, to show that (3.95)
holds, it is sufficient to show that it holds in the special case when x is a
distinguished point 277",

If = 270!, then it follows from the enumeration of the 26 such points
given below (3.90) that the conclusion in (3.95) holds. Hence from the above,
(3.95) will hold if we show the following:

Given zIm™ = (2™, 2", z1™"), a distinguished point in an I»", then

(3.96) (3x{”’",3$%”’",3$§”’") = 2/"=1""1 mod 1 in each entry
for n > 2 where x/n-1""1 is a distinguished point in an Iin—1n=l
It is clear from the representation of 2722 given above (3.91) that

2 _ (€L 2 01 02 G Gy
¢ <3+32’3+32’3+32

where €;,9;,(; runs through the numbers 0, 1,2, and we do not allow ¢; =
0; = ¢; = 1 for i=1, 2. Exactly similar reasoning shows that

where now ¢; = J; = (; = 1 is not allowed for ¢ = 1,...,n. From this last
equality, we see that

-1 -1 -1
(3 Jn,m 3 Jn,n 3 Jn,my +n§: Ei+1 5 _’_nE: 5i+1 _’_nE: Ci—l—l
1 y 0L y O3 )_ €1 32 ;01 3Z 7C1 32 .
i=1 i=1 i=1

But €1, 41, and (; are each nonnegative integers, and we conclude from this
last computation that (3.96) does indeed hold. Hence E defined by (3.88) is
an H7#-set, and our example is complete.

Our next example of an H7-set that is not a Cartesian product set will
take place in dimension N = 2. We will call it a generalized carpet and refer
to it as GCp, where p > 3 and ¢ > 3 and both are integers. The set GC),
will be a subset of the closed unit square

Ty ={z=(x1,22): 05 2; <1, j=1,2}.
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In particular, when p = ¢ = 3, GC) is the set referred to in the literature
as the Sierpinski carpet [Man, p. 142]. Fractal sets related to GCp, are also
discussed in Falconer’s book [Fal, p. 129)].

To define GC)y, subdivide T} into pq closed congruent rectangles by
cutting T5 with lines parallel to the two axes, as follows:

1 =1/p,2/p,....(p—1)/p;  x2=1/q,2/q,....,(¢—1)/q.

Each rectangle has a distinguished point within it, namely z7t!, which
is the point with the smallest Euclidean norm in each rectangle. Each x71:!
corresponds to a unique double

(3.97) 2/t (e1,61)
with 271! = (e1/p, 61/q) where £ and 6 run through the numbers 0, 1,...,
p—1andO0,1,..., g—1, respectively. There is a caveat, however: the doubles

with e; = 1,...,p — 2, and simultaneously §; = 1,...,q¢ — 2 are not allowed,
for the rectangles corresponding to these points will be removed, i.e., the
middle (p — 2)(¢q — 2) rectangles will be deleted.

For example, when p = 5 and ¢ = 4, each of the 6 rectangles with a - in
it in the following diagram will be removed:

An ordering on different doubles of the nature (e1,d;) # (£},4}) is then
defined as follows:

(3.98) (e1,61) < (g],8}) means

(i) e1 < &} or (ii) &1 = &} and §; < 4.

This also imposes an ordering on { a:jl’l};-yl:l via (3.97) where ~ is the
integer

v=pq—(p—2)(q-2).

In particular, we see that ™! = (0,0), 2% = (0,1/q), 2>!' = (0,2/q), ...,
27 = ((p —1)/p,(q¢ — 1)/q). We also observe that %! = (0,(q — 1)/q),
9Lt = (1/p,0), and 297231 = (1/p,(q¢ — 1)/q). The closed rectangle that
has 27! as its distinguished point, will have the label I71'!. We then define
I' C T3 to be the closed set

'=u)_ el

In each of the v closed rectangles, which have sides of length 1/p and
1/q, we now perform the same operation as above, obtaining 72 closed rect-
angles, which now have sides of length (1/p)? and (1/q)?. Each of these
last mentioned rectangles has a distinguished point within it, namely 2722,

where
2022 = g 4 (0/p2, 60/ 2),
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and where €2 and Jo run through the numbers 0,1,..., p — 1 and 0,1, ...,
q — 1, respectively. Also, we do not allow the doubles with 5 = 1,...,p — 2,
and simultaneously do = 1,...,q — 2 because the corresponding rectangles
have been removed.

The doubles (e2,02) # (gh,d5) have an ordering imposed upon them
by (3.98), which, in turn, imposes an ordering on the distinguished points
given by x/2? < 2722 akin to the ordering given in (3.91). We count out

. 2
the 72 points according to this ordering and obtain {:E”’Z};Yz:l. The closed

rectangle of sides (1/p)? and (1/¢)? containing 2722 as its distinguished

point, will be called 172:2. We then define I? C I' C T21 to be the closed set
2 .
=yl _ 2

Continuing in this manner, we get the decreasing sequence of closed sets
{In}ee, with It C I" € T} where each I™ consists of 4" rectangles each
with sides of length (1/p)™ and (1/q)". The set GC), is then defined to be

(3.99) GCpy =Ny 1"
Next, we define FE to be the set
(3.100) E=GCy,NTy,

and observe that F is closed in the torus sense because every point in the
boundary of T is contained in GCj,.

We want to show that E is an H#-set. So we take Q to be the open
rectangle

1 1 2 1 1 1 2 1
Q=-+—=——=3)X(=+—=5,-—=3)
(p p*'p p2) (q 7 q q2)
We will demonstrate that
(3.101) € FE= (pPz1,¢"13) € E mod1 in each variable

for k, a positive integer and with = (21, z2). Once (3.77) is established,
then it follows from the way that F was constructed that

z e FE= (pPr1,¢"xy) ¢ Q mod1 in each variable

Vk, and consequently, that E is indeed an H#-set.
To show that (3.77) holds, it is clearly sufficient to show that it holds in
the special case when k =1, i.e.,

(3.102) x € E = (px1,qx2) € E mod1 in each variable.

Using the same argument that we used after (3.95), we see that to show
that F is an H7-set, it is sufficient to show that (3.102) holds for the special
case when x = 277", a distinguished point in one of the closed rectangles
[m™ with sides (1/p)™ and (1/q)".

If x = 270!, then it follows from the enumeration of such points below
(3.98) that (3.102) does indeed hold. Hence, to show that F is an H7-set,
it only remains to establish the fact that (3.102) holds when x = 277" for
n = 2. This will be accomplished if we show the following fact prevails:
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Given z/m" = (zJ™",23"") a distinguished point in an I/~ then

(3.103) (p™™, g™y = 27=1""1 mod 1 in each variable

n—1 n—1

for n = 2 where gin—1: is a distinguished point in an [7»—1>
It is clear from the representation of 2722 given above that

- € ) 19
2722 = <—1 + —;7—1 +_§>
p T q q

where ¢; and §; run through the numbers 0,...,p—1, and 0, ..., g — 1, respec-
tively, and we do not allow ¢; = 1, ..., p—2 and simultaneously §; = 1, ...,q—2
for i=1, 2. Exactly similar reasoning shows that

) " e NS
(3.104) = ( =, —>
22

where ¢; and §; are exactly as before with now i = 1,...,n.
From (3.104), we see that

-1 -1
(pa™" ™ = oG 5, N O
pryt, qryt) = 614—27, 1+27 .
i=1 i=1

But €1 and 47 are each nonegative integers, and we conclude from this last
equality and (3.104) that (3.103) does indeed hold. Hence, E defined by
(3.100) is an H7-set, and our example is complete.

Exercises.
1. In dimension N = 2, use the method of sequences to define the notion
E C T5 is a closed set in the torus topology where

Ty={zx:—n<z;<m j=1,2}

Prove E C Tsis a closed set in the torus topology if and only if E* is a
closed set in R? where

E* = Upen, {E + 2rm}.
2. With m € Az, find a sequence [ay,],,c,, such that
Bmnin s s ) —o0 @m = 0

but im0 am = 0 is false.
3. In dimension N = 4, find 7, (x) where 7, (x) is defined in (3.22) and
prove that

e(m) = (~D)NN j(ma) - Ang(ma)  when g -+ -my #0.
4. In dimension N = 3, show that with P = 8§,
Q=Ul,Q;rUQp

where Q; p is defined in (3.31) and Q and Q' are defined in (3.32).
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5. Let C'(&) designate the familiar Cantor set on the half-open interval
[—7,m) = T1. Prove that in dimension N = 2, C(1/5) x C(2/5) is an H#-set.

4. Further Results and Comments

1. Zygmund proved an extension of Theorem 2.2, which is Cooke’s
elegant result. Zygmund in [Zy3] established the following theorem, which
for two dimensions is a good generalization of the classical Cantor-Lebesgue
lemma.

Theorem. Given the series Y, 1, bme™

sion N =2, set By(x) = Z|m|2:n bme™*  and suppose

T where by, =b_,, and dimen-

lim B,(z) =0 forxek
n—oo
where E C Ty and |E| > 0. Then
. 2
Jim, 2 Poal =0,

Im|*=n

2. A uniqueness theorem for harmonic functions making use of some of
the ideas in Theorem 1.1 appeared in 2002 in the American Mathematical
Monthly [Sh17]. It was the following result:

Theorem. Let u(x) be harmonic in B (0,1) where B (0,1) C R? is the
unit 2-ball. Set U (r,0) = u (rcosf,rsinf) and suppose

(i)liHiU(r,H) = 0 for — n<0<m.
1
(14) max |U(r,0)] = o <72> as r — 1.
— <f<n (1 _ r)

Then u (x) is identically zero in B (0,1).

This result is false if (7) is replaced by (i') where
(i’)lin%U(r,H):O for — m<0#<0and 0< 0 <m,

as the familiar function P (r,0) = Lr? —= illustrates.

1—2rcosé
Likewise, the theorem is false if (44) is replaced by (i7') where

(") max |U(r,0)] =0 (%) as r — 1,
— 7<0<m (1 — 7‘)
as the function
or (r.0) = 2r(1 — r?)sind
00 (1 —2rcosf +12)?2
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illustrates. It is clear that limral‘%—g (r,0) =0 V0 and that
oP

1@%(7“,1 —r)=1
So, indeed (i7) cannot be replaced by (id').

For the details of the proof of the above theorem, we refer the reader to
the monthly article [Sh17].

The main thrust of the monthly article is that both Riemann and Gauss
were capable of conjecturing the above theorem but probably would not
have been capable of proving it. The main tool needed in its proof is the
Baire Category Theorem, which was not discovered until 1899, which was
33 years after the death of Riemann.






CHAPTER 4
Positive Definite Functions

1. Positive Definite Functions on Sy_;

Spherical harmonic functions can be used to solve problems in discrete
geometry. In particular, Oleg Musin gave a new proof for the kissing number
k(3) for spheres using positive definite functions and spherical harmonics in
his paper [Mu], which appeared in 2006 in the journal Discrete and Com-
putational Geometry. In three dimensions, the kissing number problem is to
show that no more than twelve white billiard balls can simultaneously kiss
(touch) a black billiard ball. This problem goes back to Isaac Newton in
1694 and was not completely solved until 1953. Musin has given a new proof
that k(3) = 12, which makes strong use of part of Schoenberg’s theorem
involving surface spherical harmonics on Ss.

Since Schoenberg’s theorem [Sch, p. 101] does not appear in the books
[AAR], [ABR], or [EMOT], we will present it here on Sy_1, N > 3, making
use of the Gegenbauer polynomials. These polynomials and the theorem on
Sn_1 evidently are also useful in dealing with the higher dimensional kissing
numbers and possibly other problems in discrete geometry. For all this, we
refer the reader to the 2004 article in the Notices of the AMS by Pfender
and Ziegler, [PZ].

Let f(t) be a real-valued continuous function defined on the interval
[—1,1]. We say f is positive definite on Sy_; if the following prevails for
every positive integer n:

n n

(1.1) SN HE - Fibe = 0,

j=1 k=1

for £',...,&" € Sy_1 and for numbers by, ..., b, € R.

We intend to establish a theorem connecting a positive definite f on
Sn—1 with its Gegenbauer-Fourier series. So for f € C([—1,1]), using Ap-
pendix A, (3.41)-(3.44), we set

1 1
(1.2) an = 71 / CY () F(B)(1 — 2)7~ b,
-1
where v = (N — 2)/2 and

(1.3) ™ =Cy(1)
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In Appendix A, Theorem 3.5, we also show that the system of Gegen-
bauer polynomials, {CV(t)}52, is a complete orthogonal system for

Ly([-1,1])

where p = (1—12)” = Here, we establish the following theorem for positive
definite functions on Sy_; (which is due to Schoenberg [Sch] for N = 3).

Theorem 1.1. Let f € C([-1,1]), and suppose v = (N — 2)/2 where
N > 3. Define ay, by the formula in (1.2). Then a necessary and sufficient
condition that f be positive definite on Sy_1 is that

(1) a, > 0 Vn,

(1) f(t) = nan;OZa] ) uniformly for te [—1,1].

Proof of Theorem 1.1. We first show that for each nonnegative integer
n, CY(t) is a positive definite function on Sy_;. To accomplish this, we let
{Yin(€ )}u" V be an orthonormal set of surface spherical harmonics of degree
n, as in (3 8) of Appendix A. It then follows from the addition formula for
surface spherical harmonics given in (3.9) of Appendix A that

H/n,N
(1.4) Crl&-m) =7n D Yin(&)Vin(n),

=1
where v, is a positive constant. Consequently,

Hn, N M
ZZC” &b =vn DO Yin(€)h))
Jj=1k=1 =1 j=1

and we conclude from (1.1) that indeed
(1.5) Cy(t) is a positive definite function on Sy_1,

for every n.

To establish the sufficiency condition of the theorem, we observe from
the definition given for positive definite functions in (1.1) that a finite linear
combination of positive definite functions is clearly positive definite. Since
by hypothesis (i), a,, > 0, it follows from (1.5) that

Z a;C7(t) is a positive definite function.
Since the uniform limit of a sequence of positive definite functions is

positive definite, we see from hypothesis (i7) in the theorem that f(t) is also
positive definite, and the sufficiency condition of the theorem is established.
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To prove the necessary condition, we first observe that if g € C([—1,1])
and is also positive definite on Sy_1, then

(1.6) /S /S g1 ©)AS()dS(€) > 0.

To see that this is the case, we use the definition of the Riemann integral
and take a sequence of partitions {P,}>2; of Sy_1 where

P = {Pjn}?;l and Sy_1 = Ugilpjn
and the diameter of P! goes to zero as n — oo. Also, a, — o00. In each

P}, we choose a ghn e Pj'. Then

Qn

[ an-0as©) = im > ot ||
N-—1 j=1

designates the N — 1-volume of P}'. Likewise,

Jsu i Joy_, 9(n-€)dS(n)dS(€) =

where ‘ Pj”

(1.7) _
limy, oo 3507, S5R2, (€77 - €81

Since g is a positive definite function, it follows that the double sum on
the right-hand side of the equality in (1.7) is nonnegative. Consequently, the
limit in (1.7) is nonnegative, and (1.6) is established.

Next, with f as our given positive definite function and n € Sy_1, we
see, after introducing a spherical coordinate system as in §3 of Chapter 1
with 7 as the pole, that

/ fn-Cr(n-¢) dS(§) = ISN—2!/Wf(COS@Q’i(COS9)(Sin9)2”d9
SN-1 0

Pj"

1P|

1
= Il [ FOCH00 -y

Consequently, we obtain from (1.2) that

8w [ O 9SS,
Sny-1J8n-1
where v} is a positive constant.
However,
(1.9) f()Cy(t) is a positive definite function on Sy_1.
So it follows from (1.6) and (1.8) that
(1.10) an >0 Vn,

and condition (7) in the necessary part of the theorem is established.
To see that the statement in (1.9) is true, we observe from (1.4) that
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SM S F(E - ER)OU(ET - €Rbjby,
HnN M M

=7, D DD FE bY€) Yin(Eh) 1.

=1 j=1k=1

By positive definiteness, the double sum inside the braces on the right-hand
side in this last equality is nonnegative for every [. Hence, the left-hand side
is nonnegative, and the statement in (1.9) is indeed true.

Next, we see from (3.30) in Appendix A and from (1.2) and (1.3) above,
that the series

(1.11) > anCH(L)r™ = h(r)
n=0

converges uniformly for 0 < r < rg where 7o < 1.
Recalling that v = =2, from (1.2) and (1.3), we also see that

112)  aopn =g, T2 / FOCH0 - ) hat,

where (3, is a positive constant. So from (3.29) in Appendix A, we obtain
that
1—r2

! 1
M) < Bl e /_1 (1 —2rt 4+ r2)N/2 (1— )" 2dt

for 0 <r < 1.

Since C§(t) = 1, we see from Proposition 3.3 and (3.41) in Appendix A
that the integral in this last inequality is less than or equal to 2 for 0 < r < 1.
Hence,

(1.13) h(r) <26, ||fllje for 0<r<1.

But each term in the series defining h(r) in (1.11) is nonnegative. So we
conclude from (1.13) that

i a,Cy (1) < o0
n=0

Next, from (3.30) in Appendix A, we have that |CX(t)] < C¥(1) for
€ [—1,1]. Consequently, it follows from this last inequality that the series

i anCy (t)
n=0

converges uniformly for ¢t € [—1,1].
From Corollary 3.6 in Appendix A, we see furthermore that the series
converges uniformly to f(¢). So,

t) = lim ZajC'}’(t) uniformly for t € [—1,1],
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and condition (i) in the theorem is established. W

Exercises.

1. Given £ € Sy is of the form & = (cos6,sin cos ¢, sin 0 sin ¢), prove
directly that P (t) =t is positive definite on Ss.

2. Prove that

Y1 (0, ¢) = cos O sin b cos ¢,

Y5 (0, ¢) = cos 0 sin 0 sin ¢,

Y3 (0, ¢) = cos? 0 — (sin 6 cos ¢)?,
Yy (0, ¢) = cos? 0 — (sin 0 sin ¢)?

constitute a set of four surface spherical harmonics of degree 2 that are
orthogonal on Ss.

3. Find a nonzero surface spherical harmonics of degree 2, Y5 (6, ¢),
which is orthogonal to Yj (6,¢) on Ss. given in Exercise 2, j = 1,2,3,4.
Using this new set of 5 in conjunction with Theorem 3.4 of Appendix A,
prove that P, (t) = % (3t? — 1) is positive definite on Ss.

4. Prove that f_ll W(l - tz)”_%dt < 2for 0 < r < 1 where
V= ¥ and N > 3.

5. Given f € C(]—1,1]) and that f(¢) is positive definite on S3, let
n* =(1,0,0,0) and g (§) = f (n* - §) for £ € Ss. Find a function

u(z) € C*(B(0,1))NC (B(0,1))
such that
Au(z) = 0 Vo € B(0,1)
u€) = 9(©) V¢ € 53,
where
~ ox? 9% 023 0%

B(0,1) is the open unit 4-ball, and B (0,1) is its closure.

Au

2. Positive Definite Functions on Ty

As before, we say f € C(Ty) provided that f(z) is a real-valued function
in C(RY), and f is periodic of period 27 in each variable. All the positive
definite functions that we deal with in this section will be in C(Tx). Mo-
tivated by Schoenberg’s theorem on Sy _1, we shall establish an analogous
result for positive definite functions on T} .

In particular, f(z) € C(Tn) will be called a positive definite function on
T if it meets the following two conditions:

(1) f(z) = f(==) Vo € Tn;
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(ii) Vn > 1, given z!,...,2" € Ty and by, ...,b, € R,
n n
(2.1) f(ad —2P)bjby, > 0.
j=1k=1
If f meets condition (i) above, we will call f an even function.
We recall that

(2:2) Fom) = @n) ™ [ eme @)

TN

for m € Ay where Ay is the set of integral lattice points in RV,

Theorem 2.1. Let f be a real-valued function and suppose f € C(Ty),

~

N > 1. Define f(m) by the formula in (2.2). Then a necessary and sufficient
condition that f be positive definite on Tx is that

-~

(1) f(m) > 0 form € Ay,

(i) f(z) = Rlim Z f(m)eim'm uniformly for x € Ty.
Im|<R

This theorem is essentially due to S. Bochner (see [Ru3, p. 19]). The
proof that we give here is based on the proof of Schoenberg’s theorem given
in §1.

Proof of Theorem 2.1. We first show that for each fixed m € Ay,
cos(m-x) is a positive definite function on T . To see this, let !, ..., 2" € Ty
and b1, ...,b, € R and observe that

cos[m - (20 — 2*)] = cos(m - 27) cos(m - 2*) + sin(m - z7) sin(m - zF).

Consequently,

n n

Z Z cos[m - (x7 — 2®)|bby, = [Z bj cos(m - 27)]* + [Z b; sin(m - 27)]?
j=1k=1 j=1 j=1
> 0.

So indeed cos(m - x) is positive definite on T .
Next, we observe that if g € C(T) is positive definite on Ty, then

(2.3) /TN /TN g(x — y)dzdy > 0.

To see that this is the case, we use the definition of the Riemann integral
and take a sequence of partitions {P,}°2; of Ty where

Pn={P}"}j2; and Tn = Uy, P}’
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and the diameter of P goes to zero as n — ooc. Also, oy, — 00. In each P,

we choose a 9™ € P]" Then
Qn
— — 1 Jn _ n
/TN g(w —y)dz = lim 3 g(@’" —y)|P}|
Jj=1

designates the N-volume of Pj'. Likewise,

fTN fTN y)dxdy =

where ‘ Pj”

(2.4)
limy, o0 2521 D0ty g(xhm — k)

Since g is a positive definite function, it follows that the double sum on the
right-hand side of the equality in (2.4) is nonnegative. Consequently, the
limit in (2.4) is nonnegative, and we see that (2.3) is true.

To establish the sufficiency condition of the theorem, we observe from
the fact that f is a real-valued function,

Pj"

1P

F(=m) = f(m).
(i) i

Consequently, it follows from (i) in the hypothesis of the theorem that

~

(2.5) fm) = f(-m) Vm € Ay.

Next, we set
m|<R
and observe from (2.5) that also

= Y Fomeie
m|<R

Adding these last two equalities and dividing by two, we obtain that
(2.7) Z f Jcos(m-z) VR > 0.

Im|<R

From (ii) in the hypothesis of the theorem and (2.6), it follows that
(2.8) f(z) = Rlim Fpr(z) uniformly for x € T.

We have already established that cos(m - x) is positive definite. Since
f(m) > 0, we have that

-~

f(m) cos(m - x) is positive definite on Ty.
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But a finite linear combination of positive definite functions is positive def-
inite. So it follows from (2.7) that

Fg(x) is positive definite on Ty.

This last fact joined with the statement in (2.8) establishes the sufficiency
condition of the theorem.

To establish the necessary condition of the theorem, we observe from the
formula in (2.2) and the fact that sin(m - z) is an odd function and f(x) is
an even function that

(2.9) f(m) =(2m)~ N . (x)cos(m - x)dx Vm € Ay.

Next, we observe that

(2.10) f(z) cos(m - x) is positive definite on T .
To establish this fact, let 2!, ...,2" € T and by, ..., b, € R. Then
>3 F@ = ) coslm - (a7 — bbb
j=1k=1
= Zf(a:ﬂ — 2¥) cos(m - 27)b; cos(m - 2*)by,
Jj=1k=1

+ Z f(a? — ) sin(m - 27)b; sin(m - 2¥)by,.
j=1 k=1

Since f(x) is positive definite on Ty, it follows that both of the sums on
the right-hand side of this last equality are nonnegative. Consequently, the
left-hand side is also nonnegative and (2.10) is established.

With g(x) = f(z)cos(m - z), we observe from (2.10) and (2.3) that

(2.11) /T : flz —y)cosim - (z —y)|dedy >0 Vm € An.

But because of periodicity and (2.9)

flz—y)cosim - (z — y))dz = 2m)N f(m) Vy € Tw.
Tn
We therefore obtain from (2.11) that
(2.12) 27)*Nf(m) >0  Vm e Ay,

and condition (i) in the conclusion of the theorem is established.
To show that condition (ii) holds, let oQ(f, z) represent the iterated Fejer
partial sum of f(x) as in (2.6) of Chapter 1, i.e.,

[ | [mn|
-y - 2
n—+1 n+1

(213) oO(fa)= 3 - 3 Fmem

mi=—n myNy=—n
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Then

o0(£,0) = (2m)~ N A F=y) KL (y)dy

where K9(y) is the iterated Fejer kernel given in (2.5) of Chapter 1.
Since (2m)~N fTN K{9(y)dy = 1 and KQ(y) > 0, we obtain from (2.12),
(2.13), and this last equality that

(2.14) 0<a9(f,0) < Ifllpoo(ryy Vn-

Let n* be any fixed positive integer. It then follows from (2.13) and
(2.14) that

n* n*

- [ | .
Do X == (= =) < flleryy V>

m1=—n* my=—n*

Taking the limit as n — oo of the left-hand side of this last inequality gives

Z Z f(m)SHfHLOO(TN)

m1=—n* my=—n*

~

Since n* is an arbitrary positive integer and f(m) > 0, we conclude that

lim 7l i ; ite.
. Z f(m) exists and is finite
Im|<R

Using f(m) > 0 once again, we see that this last statement joined with
Corollary 2.3 in Chapter 1 gives condition (ii) in the statement of the theo-
rem. H

Exercises. R
1. With f € C'(Tn) and f(m) given by (2.2), prove that if

lim Z f(m)eim'm = g (z) uniformly for x € Ty,

then f (z) = g (x) Va € Ty.

2. Prove that the function ¢ 3\ [t? + [z + 2mm|?)~(N+/2 for ¢t > 0
and x € Ty is positive definite on T.

3. Prove that the function t~N/2 D meAn e~let2mm/4t g ¢ > 0 and
x € Ty is positive definite on Tx.
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3. Positive Definite Functions on Sy, x Ty

In this section, we shall work on the space Sn,—1x Tx. Here, Ny > 3
will be a positive integer. Also,
Ny —2
5
Using the methods employed in the last two sections, we intend to get an
analogous result for functions positive definite on a sphere cross a torus.
To present our result, we let I designate the closed interval on the real
line

V1 =

I=[-1,1].
We will say f(t,z) € C(I x Tx) provided the following holds:
(1) f(t,x) is a real-valued function;

(3.1) (i9) f(t, ) € C(I x RN);

(131) Yt € I, f(t,x) is periodic of period 27
in each component of the z-variable.

We will say f € C(I x Tx) is positive definite on Sy,_1x T provided
the following two facts hold:

(3.2) Vtel, f(t,x) = f(t,—x) for every x € Th;

ny ni

(3.3) Yy >1, YO bibef(E €82l —ah) >0

k=1 j=1

for (&7, 27) € Sy,—1 x Ty and bjeR,j=1,..,n.
Next, for f € C(I x Tn), we set

(34)  f(n,m) = (2r) N7} / |t — 2OV () e ™ T dadt,

for n > 0, m € Ay, and 7, is defined in (1.3) with v replaced by v.
We shall establish the following theorem:

Theorem 3.1. Let f(t,x) be a real-valued function, and suppose f €
C(IxTy),N > 1. Define f(n,m) by the formula in (3.4). Then a necessary
and sufficient condition that f be positive definite on Sy,—1x Tn, N1 > 3,
s that the following two conditions hold:

(z)f(n,m) > 0 for n>0 and m € Ap;
(i) f(t,z) = nh—>ngoz Z f(k’m)ckljl(t)eim-x
k=0 |m|<n

uniformly for (t,z) € I x Ty.
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To prove the above theorem, we will need the following lemma:

Lemma 3.2. Let f(t,x) be a real-valued function, and suppose f € C(I x
Tn), N > 1. Define f(n,m) by the formula in (3.4). Suppose also that

(3.5) f(n,m) =0 forn>0 and me Ay.
Then f(t,xz) =0 for (t,x) € I xTy.

Proof of Lemma 3.2. To prove the lemma for n, a nonnegative integer,
set

(3.6) ha(t) = (1 — )72 (8).
Then it follows from (3.4) and (3.5) that

/ /ft:n t)dtle"™®dr =0 forn >0 and m € Ay.
Tn
For each fixed n, it is easy to see that
/f (t,z)h,(t)dt € C(Tn).
But then it follows from (3.7) and Corollary 2.3 in Chapter 1 that
(3.8) /ftm t)dt =0 forxz €Ty andn > 0.

Next, because
flt,x) € C(I) for fixed = € Ty,

it follows from Theorem 3.5 in Appendix A in conjunction with (3.6) and
(3.8) that f(t,z) =0 forte Il andx € Ty. B

Proof of Theorem 3.1. We first show for n > 0 and m € Ay that
(3.9) Cyt(t) cos (m - x) is positive definite on Sn,—1 X Th.

To see that this is the case, let (¢7,27) € Sy, _1x Ty for j =1,..,n
Then using (1.4) above, we see that
Cy (& - &) cos[m - (a7 — a*)] =
Hn, N

%Zm Yin(€9) cos(m - 27) cos(m - 2*)

Hn, N

+vn Z V) (€)Y (&%) sin(m - 27) sin(m - 2*).

where ~,, > 0. Consequently, forb; e R, j=1,....,m
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S STk bibRCEL(ET - €F) cos[m - (27 — 2¥)] =

un,N ni unN ni
v D0 (3 Vin(€)by cos(m 2P vy S0 (S Vi€ sinm - a7,
=1 j=1 =1 j=1

and the statement in (3.9) is established.

To establish the sufficiency condition of the theorem, we observe from

(3.4) and the fact that
flt,x) €e C(I x Ty) is real-valued
that

fn,—m)=f(n,m) V¥n>0 and Vm e Ay.

But by assumption (i) of the theorem, f (n m) is also real-valued for m € Ay.

So we conclude

(3.10) f(n, —m) = A(n,m) Yn>0 and Vm € Ay.
Next, we set
(3.11) Futx) =3 > flk,m)Cy ()™
k=0|m|<n

for (t,z) € Ix Ty and obtain from (3.10) that also

2) =3 flk,m)Cy (t)e™ ™

k=0|m|<n

As a consequence of these two different representations of F,(t,x),

follows that
(3.12) Z Z Flk m)Cy* (t) cos(m - x)
k=0|m|<n
for (t,x) € Ix Tyx. Since f(k:,m) > 0, we obtain from (3.9) that
f(k‘, m)C}* (t) cos(m - x) is positive definite on Sy, —1 X Tiy.

But then from (3.12), it follows that

(3.13) F,(t,z) is positive definite on Sn,—1 X T

for every positive integer n. By assumption (ii) of the theorem,

(3.14) nh—>nolo F.(t,x) = f(t,z)

uniformly for (¢,z) € Ix Ty.
So from (3.13), we have that

(3.15) f(t,x) is positive definite on Sy, 1 X Ty

and the sufficiency condition of the theorem is established.

it
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To prove the necessary condition of the theorem, we first show that if
g(t,z) € C(I x Ty) is a real-valued function that is positive definite on
SNl—l x Ty, then

(3.16) /S i [/S gl€-mr = 9)aS(©Odalas(ady > .

To see that this is the case, we use the definition of the Riemann integral
and take a sequence of partitions {P,}>°; of Sy,_1 x Ty where

Pn = {P}'}5z; and Sn,—1 x Ty = U P}

and the diameter of Pj' goes to zero as n — 0. Also, a; — oo. In each

Pj', we choose a EN x g Pj'. Then

/ g€ n, @ — y)dS(E)dw = Tim 3 g(ehm -, — y) |PP|
SNy -1XTN e

j=1
where ‘P]" designates the volume of P}". Likewise,
flefleN [fleileN g(&-n,x —y)dS(&§)dz]dS (n)dy =
(3.17)

Iy oo D520 Doty (€97 - €87 2l — ahmy | Prl P

Pj"

Since g is a positive definite function on Sy, 1 x Ty, it follows that the
double sum on the right-hand side of the equality in (3.17) is nonnegative.
So, the limit in (3.17) is nonnegative, and (3.16) is established.

Next, from (3.2) and (3.4), we see that

(3.18) fln,m) = 5n/I g f(t,z)(1 — t2)”1_%C,';1 (t) cos(m - x)dxdt

where 9., is a positive constant.
Introducing a spherical coordinate system as in §3 of Chapter 1 with 7
as the pole, we also have that

| fenacien ase©
= ]SN1_2]/Wf(cos@,a:)CZl(cose)(siHH)%ld@
0

- /I F(t,2)CT () (1 — 12,

where (, is a positive constant.
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So from the periodicity of f in the z-variable and (3.18),
[ fema-pemen dsE)cosn (- yds
Tn 7SNy -1
= G [ 1] fts—nC o - 2t cos - (o~ e

= - — 21734t cos(m - x)dx
= ¢n /T[/I F(t2)C2 ()(1 — 21~ dt] cos(m. - 2)d

= CNléglf("% m)
Therefore,

~

(3.19) Fl